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This supplement contains detailed proofs of the theorems presented in

Sections 4 and 5 of the main text, along with additional corollaries and sup-
porting lemmas.

S1. Proofs of theorems in Section 4

PROOF OF THEOREM 2. By equation (5.22) in Hsing and Eubank (2015), j\j — A; admits
the following expansion,

(S.1) ;\j—/\g:/ {C(s5,6) = C(s5,6)}6;(5) 5 (1) +((P; = Pi)(C = NI) (P = P;) 5, 0),

where 75j = (Z)j ® ngSj, P; = ¢; ® ¢; and Z is the identity operator on £2[0, 1]. For an operator
A on £2]0,1], we use ||.A|| denotes its operator norm. By Lemma 5.1.7 in Hsing and Eubank
(2015) and Taylor expansion of /1 — x at 0,

16— 651> =2{1 — (1 = |IP; = P4II*)"/*}

P; — P2 A
(S8.2) 22{1—1+H J 5 j” +0(HP]‘—P]‘H2)}

=[P = Pj11> + o(l|P; — P41
Combine (S.1), (S.2) and Cauchy—Schwarz inequality,

(83) A=A Z/ {C(s,1) = C(s.1)}16;()9;(1) + Ol 65 — &5lI*) + oIl — 511*)-
We first focus on the asymptotic behavior of ff{é’(s, t) — C(s,t)}¢j(s)¢;(t). Note that

/{om C(s, 1)} by ()5 (1)
(S.4)

/ Cols,8)05()65 (1) / {C(s,1) = C(s,t) — Cols,£) Yy ()5 (8),

where

Co(s,t) = {Roo —C(s,t)S00 — hw

0s
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For the bias term of [[ Cy(s,t)¢;(s)¢;(t), by similar analysis of equation (S.30) in the
proof of Lemma 1, under hj%logn <1,

(S.5) E{/éo(s,t)¢j(s)¢j(t)} =h2K2Aj/¢§?)¢j + o(h?j™9).
For the variance of [ Cy(s,t)p;j(s)b;(t), denote
61 // z E )d dt 52 // S()O S t S t ¢} ziij((i)det,
oC (s, t ®i(s)d; oC( s,t) j(s)¢j(t) .
‘h// s = [ gm0 G e
Then,

ar ([ Cals. 16,6358 ) =Va(51) + V() + Var() + Var )

—2Cov(f1,52) —2Cov(B1, B3) — 2Cov(B1, Ba)
+2Cov(Ba, B3) + 2 Cov (B2, Bs) + 2 Cov(f3, f1).

By similar analysis as in the proof of Theorem 1,
A2
Var(81) =an — —- 4 o(an);

Var(f2) Zv { < )A +4<J;7i> //C(U,U)Q(Wdudv}—)j—l-o(an);

Cov(fi, Ba) Zv{ < ) +4<J;z‘ //C(u7v)2Wdudv}—)§+o(an);

)
;i Cov(B1,ps) = o(an);
)-

Var(B2) =o(ay); ov(f1,83) = o(an)
Cov (B2, 83) =o(an); Cov(ﬁg,@;) =o(an); Cov(ps,Bs) =o(ay
where
e[ g S
St u(Sse o2 ) o,

#(y) |[frews >) “]}

Combine all above, we get Var ( [f Co(s,t) qﬁj(s)qﬁj(t)) =%, + 0(,) with

¢(u

AP(N)EEH =22 1P (N) X [{C(w,u) + 0% 4
n = 5 + 4! 5
n /\j n )\

+a 22N ( /{C(u,u)+ ] //C )2 }Zﬁg)dudu)

(S.6)
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The proof is completed by
IC = C = Collus = op (h*j ™) + (/)

under > logn. = o(1) and £ ""%|}6; — 6| = op(1) for all j = o(n!/++9).

S2. Proofs of theorems in Section 5

PROOF OF THEOREM 3. For the first statement of Theorem 3, we focus on the case p =
0, ¢ = 0 and the proofs for other cases are similar. Let x(p) = {n""(i,5)|i,j € ZN (0,n”)}
be an equally sized mesh on [0, 1]? with grid size n =" by n~" for a positive p. Then,

(8.7)  Sup |Roo(s,t) —ERpo(s,t)| < sup |Roo(s,t) —ERo(s,t)| + D1+ Do
: 5,t€[0,1] (s;t)ex(p)

where
D= sup |Roo(s1,t1) — Roo(s2,t2)],

(s1,t1),(s2,t2)€[0,1]2
[s1—s2|<n™P,|[t1 —tg|<n—F

Dy = sup IERoo(s1,t1) — ERgo(s2,%2)].
(s1,t1),(s2,t2)€[0,1]2
|s1—sg|<nTP,|t] —ta|<nTP

1 n
gﬁzw > il sup
ta, —t1 ti, —t2 ta, — $2
. < h ) ( h )‘ ( h )
=1 1<l #L<N;

Recall 5@']’[ = Xinil = {Xz (tij) + 81‘]‘}{Xi(til) + Eil} and for all s1, s9,t1,12 € [0, 1]
1 — t1 —t 2n=°F
St D |5illl2\8up|81 sl [~ fo <7

|Roo(s1,t1) — Roo(s2,t2)|
i, — s1 ti, — S2 ti, —t1
K 1 - K R K B
() ([ (")
1 n
+ﬁzvi > [Sulsup
3
=1  1<l1#lL<N; h h

Zyi=Y v Y |l =0(1)as.

For the first term in the right hand side of equation (S.7), in order to use the Bernstein
inequality, we need to do truncation on 9;;,;,. Denote

~ n 1 til — S8 ti2 -1
Roo(s,t) = Zvi z ﬁK < l h ) K( lh > 5il1l21(\511112\§14n)

where A,, is a positive constant we will define later. Then

(S5.8) sup  |Roo(s,t) —ERoo(s,t)| < sup |Roo(s,t) — ERoo(s,t)| + E1 + Es
(s,t)ex(p) (s,t)ex(p)

with

n

1 tiq, — s ta, —t
Ex= sup ) v ), th(Zh >K<h )|5“”2|1<I6u112|>z4n>’

(s:)ex(P) =1 1<l £l,<N,




n

1 t-ll—s t‘l2—t
Ey= sup ES w3 h2K<lh >K<h >|5illl2,1(%>,4n).

(s.0)ex(p)  i=1 1<l £L<N,

Note that E|6;,1,|* <1, |E1 + Ea| = O(AL=*h~2) a.s. under Assumption 5, since
n

1 1 1
sup |Ey + Eo| < Z NN, 12 5 ;;N szp 10it305 |1 (80,1, 1> A

1
e 2 «
hQAO‘ T S AR Zvl Z suf)]51-1112| .
i=1  1<l;#lL<N; ©

For each (s,t) € x(p), denote

1 till — S tz’12 —t
Li(S,t) = viﬁ Z K < n ) K ( h > (51'[1121(‘5”112&14").

1<l £l <N;

Then, Roo(s,t) = 3.1, Li(s,t), E|Li(s,t)|> <n~2{1 4 (N;h)~2}. Note that

1 1 1 t’il — S til —t
Li(s, )| S Ay > K[ K (L
|Li(s,1)] n N;(N; — 1) h2 ( h ) ( h )

1 N;
:AnﬁﬁJi(S)Ji(ﬂa
where J;(s) := h~! Zl]\il K((tii — s)/h). For a sharp bound, we need a second truncation on
Ji. Denote Y;; = h~'K ((t; — s)/h). note that EY;; = 1, 0 < Yj; < 2/h, for fixed M > 5, let
M’ = M — 1 and by Bernstein inequality,

P(Ji(s) > M) = Z Yu>M | =P Z(Yil—1)>M’M
T1<I<N, 1<I<N;
<ox Ni)*/2 <eXp<_ )/2/ )
Zl 1E|Y;l - 1]24— |2/h|M'N;/3 N;|2/h| +|2/h|M'N;/3
<e Ni)*/2 = —3M'N;h/7) < —MN;h
= €xp |2/h‘M’N (1/4+1/3) = exp(—3 ih/7) < exp( ih/3).
Then
1 N;M? 1 N 1 N;M?
— < — —
IP><|LZ s, t)| > A, N-—l) —P<A"nNi—1J( )Ji(t) > Ay W, _1>
=P (J;(s)J;(t) > M?) <P (J;(s) > M) + P (Ji(t) > M) < 2exp(—MN;h/3).
Denote
Li(s,1t) :Li(s,t)l(wi(S Hi<A, L NMz) and R (s,t) ZL 8,t).
Then

(S.9) sup |R00(3,t) — EROO(s,tH < sup |R{o(s,t) —ERG(s,t)| + F1 + F»
(s;t)ex(p) (s;t)ex(p)



SUPPLEMENT FOR “THEORY OF FPCA FOR DISCRETELY OBSERVED DATA’

with
n
F1 = sup |L7’(s’t)’1(\L(s )>A LN,LvI\/I2),
i\ n N;—1

(s;t)ex(p) ;=1

n
NiJWQ)'

\Li(&t)|1(|Li(s,t)|>An71L N1

Fro= sup E
(s;t)ex(p) ;

Nih) exp(—M Nyh/6)) a.s. by strong law of

By similar arguments, | F} + Fy| = O(n? (1 +

large number and
2
E [|Li(s’t)|1(|Li(s,t)|>AnjLfvfjiMf)] < {E|Li(s,t)| P <|Li(s,t)] > A,

1 N;M2\1Y?
nNi—1>]

1 1 _
<—|14—=— —MN5h/6).
n < + N2h> exp( 2/6)
Then |L;(s,t) — EL;(s,t)| < 2An%]]\(,]\_412 <24,2M? and
iE{Ei(s B BLi(s.0)? <3S EL(s.t) < - (14 L
Zil ) b —_ Z:1 (A 7 ~Y n N22h2

By Bernstein inequality again, for A > 0
P (|Rjy(s,t) — ERo(s,t)] > A) =P ( > (Li(s,t) = ELi(s,1))| > >\>
i=1

A\2/2
—EL;(s,t)}2 + 24, M2)\/3

2ex - —
= p( S E{Li(s.1)

\2/2
<2exp | — : ; / T
L (14 b ) + 24020203

Take A = \/ G2 (74 (L) 4 4, 1M(2p 4 2) Inn, then

P ( sSup ‘RSO(Sat) - ERSO(Sat)‘ Z )\>
(

S:t)eX(P)
2p+2) In

<on*exp | — ; ; ;
1 (1 + Nghz) +242 L M4(2p+2)/3
<n~2.
Then by Borel-Cantelli Lemma
|R%o(s,t) —ERS(s,t)| = O \/”IT” 14— A, 2020 a.s
su s,t) — s,t)| = = — nn | as.
P ) 00(Ss 00 n Noh n P

(s;t)ex(p



Then

sup |Roo(s,t) —ERoo(s, )| < sup  [Rgo(s,t) —ERg(s,t)]
5,t€[0,1] (s,;t)ex(p)

+ E[Dy + Do| + E[E1 + Es| + E|Fy + Fy|

1 1 1
“pnn <1+ = )—i—Aanplnn
n Noh n

o — 1 <1/2
+ Almap=2 % <1+ _1/2h> exp(—MN;?h/6).

<

~

+n PR3

The first statement of Theorem 3 is complete by taking M =5 + 6(2p + 1) 222 A, =

1/2h
n'/®| M?h2plnn|~Y/* and p = 3s + 1.
For the second statement of Theorem 3, by part (a) and similar arguments as Step 1 in the
proof of Theorem 1, we get
-2
h—w> |

R A Inn 1
sup |C(s,t) —EC(s,t)|=0 <1+>+
o [C(s.0) ~BOG ) (x/ (1 5

Under Assumption 2, [EC (s, t) — C(s,t)| = h* forall s, ¢ € [0, 1], which complete the proof.
O

1—1

Inn

Noh

Inn

1+

PROOF OF THEOREM 4. In this proof, we will generalize the double truncation method-
ology in the proof of Theorem 3 to obtain the uniform convergence of eigenfunction.
To concentrate on the key content of the proof and exclude non-essential calculations,
we focus on the case where t;; are uniform distributed and denote Cy = Roo(s,t) =
n~tSN v >ty R K((ti, — s)/h)h Y K((ti, — t)/h)di,1, and assume {¢)}3° | are

eigenfunctions of Cy. Let x1(p) = {nf1 11)|j €ZN[0,nP)}, (p € Zy), note that

J
nP’ nP

(S.10) sup [¢;(s) — ¢j(s)| < sup [(d; — é;,9)| + D1+ D2
s€[0,1] gexi(p)

where

Dy= sup |[9j(s1) —#j(s2)], D2= sup [¢;(s1)— ¢;j(s2)|-
s1,52€[0,1] s1,50€1[0,1]
|s1—sg|<n—P |s1—s2|<n—P

As )\] gb] =/ Co (s,t) ¢]( )dt, and by the definition of Co and Lipschitz continuous of
the kernel functlon K, one has |Co(s1,t) — Co(sa,t)| < Z1|s1 — sa|/h?, where

n
7= ZUZ' Z |6il1l2‘ and EZl = E|5’illl2| S./ L.
i=1 1<l #L<N;

Denote , := {||Allns < Mjun /20 [1A]J0oliax < 1, |A]Hsi%hs <1} and P(£2,) — 1 under
assumptions of Theorem 4. Then on €2,

165(51) — by (s2)] < A1 / (Co(s1,1) — Colsa,£)]|;(B)|dt
A s1= 5] /\¢ )ldt S A Zy sy — saf /BP

NYAAIES —82|/h3,
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where the last inequality holds on the high probability set €2,,. Under Assumption 4, we also
have |p;(s1) — ¢;(s2)| < 59?51 — s2|. Then we have

E|D; + Ds| < (jh~3 + j/?)n ="

By using the perturbation technique again, the following Lemma decompose ggj — ¢; into
two parts, where ¢; 1 is the dominating term that requires subsequent analyses. Its proof can
be found in Section S4.

LEMMA S1. Under Assumptions 1 to 6, h*52¢+2¢ <1 and hj*logn < 1, there is

b — 65 =djo+ A dia with ¢j0 = {/(éo - C)¢j¢k} Pk
k=2
and
]10g] 1 PR e
165,0ll00 :Op< (]2 logj+h™ 25" )
nN-
(S.11) \/72

. 1
at+s;

1
+ — + —
VnhNy  /nNa

<

7% ogj + h?jeT 1ogj>
and g1 =3 2320 (AG;, dr) b

For fixed g € x1(p) we have [lg]i =1 and |($; — 6;,9)| = [(j0 + A dj1,9)| <
#5000 + A;H(qﬁj,l,g)\ by Lemma S1. For all g € £? denote P>mg := > e, (9, Ok) Pk
Pemg = 221:711 <g, ¢k>¢k7 and g =Pyg + Png- Thus,

[e.9]

(D1,9) =Y {/(éo - C)¢j¢k} (Pk,9) = /C'O¢jP22j9~

k=2j

The first term in equation (S.10) becomes

S w6650l < Mol s | [ CoorPang
g€x1(p) gexi(p
and
sup /CO¢jP>2]g
gexi(p)
(S.13)
< sup / (Co—EC0);Ps2;9| + sup |E / CodjP>2;9|-
g€x1(p) g€x1(p)

The following lemma bounds the bias term in the right hand side of (S.13) and its proof can
be found in the Section S4.
LEMMA S2. Under Assumptions I to 6, for all g € x1(p),

(1) ”P<mg||2 <m,
(ii)

<mand ||Psmg|1 < ml/2,

(S.14) sup
g€x1(p)

-0 (h2j0+1—a) )

E/éo¢j7322jg




To bound the variance term, we shall extend the double truncation technique in Theorem
3 to the eigenfunction case. To be generic for all f,g € £2, recall that

/Cofg_ - (7 > b, Taf (b, Thg(ta,),
Ll

where 7, f (z) = [ K (%52 y) f(y)dy- Let Az’(f, 9) = 21,1, Oitst Tn f (it ) Thg (tar, ) then

/Cof oy (/) wEsy

Since d;,;, is unbounded randorn variable, we first truncate on d;;,;,. Denote

t; , — S t; 5 t
Z N — 1) h2 Z K < : h > K < : h ) 6illl21(|5il112|§An)

1<l £, <N;

where A, is a positive constant we will define later and then,

(12 s /(GO_EOO)%P”W S sup /(O—Eé)cﬁjpng’g + E1 +EE,
9€x1(p) g€x1(p)
with
1< 1
Ey= sup —) —— | Thd (tit) Th P29 (Lt )|0it 1|1 16,0, [ 4,
gexl(p)";Ni(Ni—l) 1<l1;;<Ni ! I (18112 1>An)

For the first term in equation (S.15), let /L(f, g)= Zh#z Gitals (16,11, \<a)Tnf (i, ) Trhg(ta,)
and we obtain a trivial bound for A;(f, g),

(S.16)  |Ai(f,9)| < AnNPJi[Th f1Ji[Thg) with Ji[] Zw (ti)], Vi € £2[0,1].

However, the bound (S.16) is not optimal and to obtain a sharper bound this, we truncate on
A;i(f,g) with A, N2|| f|lcoM, where M is a positive number defined later. We start with the
probability bound P (J;[] > M) for all ¢ € £2[0,1], note that E|p(ty)| = ||¢|l1, [o(ta)| <
l¢lloo and Elp(ty)|* = ||¢||?. For fixed M > 4||p||; and M" = M — 4]|||1, by Bernstein
inequality,

P(Alel > M) =P 3 (et —llelh) > M'N

1<I<N;
- ( (M'N;)? /2 )
(S.17) PO 1E\|so (ta)| = lloll1|? + ol oo M’ N; /3
N)?/2 ) ( (M'N;)?/ >
<e < —
= < N||so||2+||so||ooM/N/3 =P\ T el (el N; + MN,/3)

- (M'N;)?/2 coxn [ MN;
=P\ T plle@MrN;/3) ) =P 2||souo; '

et ~A$M(f 9) = AilF. 914, racaneislon AS HThf] < I Taflloo < [1flloos we
have \Ai(fa )‘ <A NQJ[ﬁLf] [7719] <A N2”f”oo [7719]’ thus
P (1A(£,0)| > AuNZ | fllooM ) < B (Ji[Trig) > M) < exp <_ MN; >

2[|Thgllso
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Let

Z L 4(£.9)1> 4 N2 o 2)

S\H

n;Ni(Ni— and C7% (f,9)

we have [Cfg=CM(f,g)+CZM(f,g) and

/ (G —EC)fg < |CY(f.9) — EICM (£, q)]| + CZM(f.9) + EICZM (£.9)]
Denote

My:= sup |[TaP<2;gllocs M1:= sup |TnP<ajgli,M2:= sup E|A;(¢;, P>2;9)I*.
g€x1(p) g€x1(p) g€x1(p)

Then for M > 4My, My :=supe,, (,) |

sup
(S.18) 9€X1(P)

< sulr() ) |CM (¢4, P2j9) — EICY (6, P2;9)]| + F1 + EFy
geXL(p

/(é —EC)$;Ps2jg

with
Fi= sup C7M(¢;,Ps259).
g€x1(p)

By Bernstein inequality, for all £ > 0
P(ICY (f.9) ~EICY (f, 9]l > 1)
> t)

n?NZ(No —1)%2/2
<2exp | — = M M 2 T2 N (N
2oic E{AY (f. 9) — E[A7 (f, 9} + 245 N3 || flloo MnN2 (N2 — 1)t/3
<exp| n2ZV22(Z\:72—1)2t2/27 7 '
nE|AM(f,9)* + 245 N3 || flloo MnN2 (N2 — 1)t /3

n

=1

We obtain the following expectation bound,

E[ sup \Cy(@‘ﬂ’zzjg)—E[Cy(%?zzjg)]l]

g€x1(p)

:/OOO ( sup |CM(¢j, Ps2;9) — E[CM (¢, P>2;9)]] >t> dt

g€x1(p)

o] QNZ No—1 242 2
§/ min{l,Qn”exp (— n_22( 2 )t_/ — )}dt
0 nMs + 2AnN2 Hgﬁ]HOOMTLNQ(NQ — 1)t/3
plnn My
n N

(5.19)

<Const [

M
+ A,—plnn]|.
n

The following lemma bounds the truncated terms E; and F} in (S.15) and (S.18), and its
proof can be found in Section S4.
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LEMMA S3. Under Assumptions 1 to 6, h*j2¢+2¢ <1 and hj%logn < 1,

1/2 <
1 n? M. MN,
ElEq] S dE|F)| < ——2— —
Bl S 5 et and E| 1|_N2(N2—1)6Xp< 4M0>

n

Combine equation (S.15), (S.18) and Lemma S3,

/(éo —ECo)$;P>2ig

sup
g€xa(p)
(S.20) s )
< plnn My A M | + 1 . 2nP M, . M Ny
—_— n—— = = X — .
~\\n N2 n’ hAc T T Ny (Ny — 1) P\ 4

Recall that My = SUDgey, (p) E’/L((Z)j, 'Pzgjg)‘z, with

Ai(f,g9) = Z Gitals 1(16,0,1, 1< A TS (it ) Thg (it ),
ll#lz

which implies that M5 is depend on A,,. Consider the un-truncated version of Mo, Mg =

SUDgey, (p) ElAi(¢5, P>2;9)°, where Ai(f,g) = > Ly, Oitat, Tnf (tit, ) Thg (tar, ). We first
study the difference between My and MJ. Start with the difference between A;(f,g) and
Al(f’ g) for all fag € EZ’

2
. -
|Ai(f,9) — Ai(f,9)I" = Z5@'[1121(\6“112|>A,,L)771f(til1)7719(til2)
Li#ls
(S.21)
< L6540 D N Thf (i) Tag(tia,) P
£l L2l
<AZ2=Zy NATITn f 12100 Thgl?] < A2 Zo s N FIEN Trgll oo Ji [ T
<AL Zoi Ny Jil| T F17) il Thgl "] < A5 Z2,i N || FIIS I Thg lloo Ji [ Thal,
where
1
ZQ,i = Z ’511112‘04 with EZQ’Z‘ = E\éilllz ‘a S 1.
Ni(N; —1) 1<l, £, <N;

On the set {J;[Trg] < M}, we have
E[lAi(£,9) = A9 PLimgean] S E[AT*Zoi N 131 Thglloo M]
< Const A N || f 12| Trglloc M.

On the set {J;[Txg] > M}, under the condition M > 4||Trg

E[|Ai(f,9) — Ai(f.9) "L (576500

<|E|Ai(f,9) — Ai(f.9)°]~ [P(Ji[Trg] > M)|'~=
(1—2/a)MN,->
2 Thgll
(a—Q)MNi>
2a(|Thgllo /)

(S.22)

1,

2 2
(8.23) <11 [ Trg | N2"E 2| excp (—

,s||f||io|mguiozvfexp(
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where the second last inequality is from equation (S.17) and the last inequality is by
|Ai(f,9) — Ai(f, D)% < || fII% ]| Thgl|% N2 Zs ;. Combing equation (S.22), (S.23) and take

f=0j,9="P>2;9,
E|Ai(¢j, P>2i9) — Ai(6), P>259) I
<E[|Ai(¢;, P2i9) — Ai(¢j, P>2;9)*1(1,(7g1<01))
+E[|Ai(¢5, P>2j9) — Ai( 05, P>219)*1 (17591510

(S.24) SATTONH 5121 Th P>259lloe M
— 2)MN;
116512 [ TaPa; 20Ni4exp<— . ) )
1651131 TR P>259] 20| ThP>2i9lo0
2a My
Thus,
My — (M) < sup [B|Ai(6), Po2j9) — Ai(65, Po2i9) )"/
g€x1(p)
(S.25) (a—2)MN.
< AL=0/2 N2 g /R I2 4 L2 _lama)Mie
SA, 2| /| + 2 €Xp 4aMy

Combine equation (S.13), (S.14), (S.20) and (S.25), we have

A plnn MY M 2 et Const
E| su Coi, P>o; < Const —= + A,—plnn+ h=jc7¢
LGXEP)K b; 2239>‘] = n N§ o p J hA%fl
plnn 1 o 1/2 4 p—1 (o = 2)M N,
Consty/ —— [A M/h h —_——
+ Consty[ 22 a2t -t (- 020
plan |/MY 1 (e —2)M N M 2 ol 1
< R | - AT ETERN LA, plnn 4 R2jet1e .
N[ n | 3z RSP dad, )| Tl T hag

Take M = 4M; + 458 (p+ 1) Inn + 220l In 2, A, = n!/*|Mhplnn| =1/, then,

(a—2) N,
E| sup [(Codj,P2i9)]
9€x1(p)
(58.26) \/7 o .
plIlTl M2O ;= 2 c+1— plnn e -1/2 Inn| o _1
< - a B2 ¢ a pILT L Bt
N\/T e R i

Here we use M; < j/2 and My < h™!, which follow from |7, P>2;9/1 < ||P>2;gll1 <
Constj'/2, || T P>2i9|loc < Consth™! for all g € x1(p). The following lemma gives the

bound of My,

LEMMA S4. Under Assumptions 1 to 6, h*52¢+2¢ <1 and hj%logn < 1,

(S.27) M) < N3j272 4L N3G °h =t 44279 + N2p~ 1.
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Combine equation (S.10), (S.11), (S.12), (S.26) and (S.27), on the high probability set €2,,,

A

E(H¢J Pilloc) S j(\/i—i-ln]){l—i—]_F ]a1(1+ Ja>}

~n N, "\ Ny N,

Inn|' e Inn -
q |7 -1/2 _ h™ = h2 'C+11 .
+7J 7N2h + 17y 0gJ
+ (7 4
and the proof is complete by choosing large enough p. O

S3. Proofs of lemmas and ancillary results in main text

PROOF OF LEMMA 1. By definition of Cy(s,t), we need to bound the bias and variance
terms of

(S.28) // {Roo — C(s,£)S00 — h%—c(s #)S10 — h%( )501} ¢}Esiiﬁi))d dt.

For the random design case, by analogous calculation as proof of Theorem 3.2 in Zhang and
Wang (2016), one has

E [Roo —C(s,t)So0 — h%(s»t)sw - hao(sat)sm}

ot
2 s 2 s
=290 )10+ 210 27D ) £10) + 00,

where K9 = f u2K(u)du. Thus, for the bias part of equation (S.28), for all k£ < 2j,
(S8.29)

( //{Roo— s,t Soo—hé(;c(s t)S10 —h%(s t)Sm} stdt)Q

h4 o)
=K | [ 3o hen(0)0 00, (s)n(t)dsc T
r=1
4
R0, + o) = 0120,
For the tail summation, similarly
(S.30) |
oc oc 0,
Roo — CSpg — h— AR h— ,tS Pi\8)Pk(t) 1 44
k>j< //{ 00 00 s (5,t)S10 — It (s,1) 01} ) [0 S
h4 02C N
K2 atQ (t 8)(;5]( ) S HS+O( 2 h4)

20(h4j1+2072a).
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For the variance of equation (S.28), note that
(S. 31)

(//{Roo — CSpo — hac(s £)S10 — n9C (ot 501} $i(8)9n(t) 4 o

s AR TR0
<E [{//Roo s,t) dsdt} {// s,t)So00(s,t) Z;?Et(;)dsdt}j

{//Mst St

ol ottt

We start with the first term in the right hand side of equation (S.31). Then

[{//Roo s,t) )dsdt} HZ% Z dil, zzTh (ti, Thgic (t zzg)}Ql

i=1 1yl

EAn ()

W1th

wer(fen) Guan)

v {((sgan) o (5 (o) )
on{ () (st oin (55)')
{<Xf,7;ﬂ}’f> <(X2+0X)f, <T,ﬁ?g) >}

i=Ao1 + Aigo + Aoz

Ay :]E{<(X2 +o)f, (n?) > <(X2 +o%)f, (775?) >}

b, ¢k> < ¢k>>
<<XThf Xl Ty Ty

=Aiz1 + Aiza.
By Cauchy—Schwarz and AM-GM inequality,

Aiglsm{<Xfy77z(§5> << )f’< gi‘k) >}
{<Xf7Thd}k> <<X2+"X>f’ (E?>2>}

+E
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=Ajo0 + Aios.
Similarly A;3o < A;31, thus, Ajo < 2{A;00 + Aja3}, Aiz < 2A;31. Combine all above,

(I rote o)

- N; N; N;
,SZU? {4!( 4 )Aﬂ +3!< 3 )(Aiz2 —|—Ai23) —|—2!< 5 >Ai31} .
=1

The following lemma in bounding A;1, A;e2, Aje3 and A;si, its proof can be found in the
supplement.

E

(S.32)

LEMMA S5. Under assumptions 1 to 4 and h*j?¢t2® <1, hj%logn < 1, there is
E(Xif, T%)*) S k™2 for 1 <k < 2j and

2

2
B (S (xnm) | s

k>3

By Lemma S5 and Cauchy-Schwarz inequality

o;\* o\ "\’

Ap < (E<Xif,7ﬁf]> E<X¢f,’ﬁL;> > <77 %% % and

(S.33) b 12

ZA- <|E{X; ﬁ ! . @ ’ 1-2a
i< ST ) B (X Th < gl

k>j f k>3 f

For A;29, by Lemma S5 and Cauchy-Schwarz inequality,

o || 6\ v
(5.34) Az‘22<' 7k £ lloo {E<Xif,’fhf”> E(I!Xi||2+<f§<)2} SPARS
For the summation , j Aj99, by Cauchy-Schwarz inequality
= ¢k 2 1 r—Y 2 1 < -1
; 7717 Sh?/}K <h> f2(y)dyNh forall x € [0,1].
Thus,
= o ) ¢j R 2 2 Ok ?
Y A =EI(Xif, T2 ) D (X7 +0%)f (T
2 £/ & f
=j =j
$.35 ol 2 [ e 0\ 2 g2
(8:35) Il 2| T | B (Xef T ) (1X3l1P 4+ 0%)
k=1

o\ 2
<h1 (E <Xif,Th(if> ) <hle.
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For A;23, by Lemma S5,

2

iy — m<‘fr"j3 T {<Xif,7z“j’“> <||Xiu2+a§(>}
(8.36)

( Xf77L ) k7% V1<k<2j,
and

;117 ok \ 2, 2

5 A <R sl | S (A T2 (02 + o)

k>4 © k>j
(8.37) ’ ’

9 2
<({E Z<Xif,nff> E(||X[* +0%)? }

k>j

For the last term A;31, note that

Aiz1 ZE{<(X1'2 +a%)f, <77qu3>2> < (ﬁf?) >} O(1),

ZAi3ISE{<(X3+U§<)f (7%) >(HXH 1o+ %12 }

(S38) i

ShTEIX [ flloo + 0% flloo)® S AT
Combine equation (S.33) to (S.38), for all £ < 25

and

(5)0(1) }<1< o I L)
IE{// f()ddt_wn]k L A
and
ZE_{//R (5.0 21)0(0) dt}f <1(.1_2a+jah1+j1a+h1)
i L IOVIO R Bl I N N3 )

By similar analysis, the second term in the right hand side of equation (S.31) has the same
convergence rate as the first term. Under h*52%+2¢ < 1 and hj%logn < 1, the last two terms
in the right hand side of equation (S.31) are dominated by the first two terms. Then the proof
of the random design case is complete by

(// {Roo — C(s,t)So0 — hgc(s t)S10 — h%—c(s t)Sm} (S)]Zit)dsdt)

7))
L/ 4 q, J otk 1 47.—2a 2
<= ap—a 4 J TN - a;2c
S (] B+ N, + N2> + Rk

for all £ <25 and

> E <// {Roo — C(s,t)S00 — h%c(s t)S10 — h%f(s,t)sm} stdt>2

k>j

1 B j_ah_l +j1—a h—l B
< | 41-2a T L AR — h4 -1 2a+20.
~n <] N, N2 J
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O
To prove the fixed-design case of Theorem 1, it is sufficient to verify the following lemma

and proposition, which are the fixed-design versions of Lemma 1 and the proposition in the
main text.

LEMMA S6. Under assumptions I to 4, 7 and 8, forall 1 < k < 23,

2 —a —a
E [{// C’o(s,t)¢j(s)¢k(t)dsdt} ] < % (j“k“ + % - ]&2> + hf2e—2a

and
i E [{ / / éo<s,t>¢j<s>¢k<t>dsdt}2]

h*ljfa _i_jlfa 1 > i h4j1+2c_2a-

-1—2a
PUTT N e

PROPOSITION S1. Under Assumption 2, 7 and 8,

(a) infg; Soo(s,t)11(s,t) + Sio(s,t)I2(s,t) + So1(s,t)I3(s,t) and infs;Soo(s,t) are
bounded away from zero alost surely.

(b)

1 1
Soo(s,t) — Lio<s<1,0<t<1 2 =Op <h2 + — {1 + }) .
H {0<s<1,0<t< }HHS n N22h2

(c) Forp,q=0,1,2, ||Spqllcc = O(1) a.s.
(d) Forp,q=0,1,p+q=1

logn 1
2 g
1Spq (5, [} = Op <h+ - {1+N22h2}>'

(e) In addition, if Assumption 5 holds with o > 3, for p,q=0,1
0C (s,t)

aC (s, 1)

8t Spalﬁ'l(svt)

sup
s,t

logn 1
=0 h2+\/ {1—|— = } a.s.
( n N22h2

For the proof of Proposition 1 and S1, the statements (a) and (c) can be verified by Lemma
S.4.3 and S.4.2 in Shao, Lin and Yao (2022), while statements (b) and (d) can be justified
with arguments analogous to those in Zhang and Wang (2016). We thus omit the proofs.

Spriq(s,t)—h

Rpq(s,t) — C(s,t)Spq(s,t) — h

PROOF OF LEMMA S6. For the even grid design case, by Taylor expansion and similar
arguments,

oC oC
E// {Roo — CSpo — hgsm - hatsm} ¢;(s)or(t)dsdt

DY - / K (t“lh_ 8) 63(s)dsy / K <t“2h_ t) O (DAC (L, o)
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Sou X g 5 () k(M) a0 aras

=1 LAl
—h;vllg // (“1 ) <t“2 )gzbk( Y (s) C(s £)dtds
_hlﬁgvg () e (Pt ) o) oty
—hQ 12#;2@ i, )Px(tit,) 82%55 ) (ta, ta,) + o(h?)
_h2//¢] )bk (v OQC(u U)( ,v)dudv + O(N~2) + o(h?)
—O h2 .c— a)

where the last two equalities are due to the Riemann sum approximation and assumptions
Nh 2 1and hj®logn < 1. Similarly,

2
( // {Roo — CS()O — haa(;SlO — h%CS()l} ¢j(8)¢k(t>d$dt>
k>j

S0 [ or(on0) TS v)duds + ON) 4 o) 5 12
k>j

For the variance term, by similar analysis, it is enough to bound

E [{// Roo(s,t)¢j(s)¢k(t)dsdt}2]

ZU?E( > Tad(ta) Xt Tadw(tir,) X (bir, ) Tas (tiny) X (i, ) Tak (tir, ) Xi (i)
=1 l1?élz751375[4

+ > [Tady () Xi(ta,) Tad; (ta,) Xi(ta,) { X (ta,) + 0% } Thoj(ta,)?
TR

+ Z Tndn (i) X (i, ) Tobw (tin,) X (tir,) { X2 (tar,) + 0% } Tnow (it )?
TR

+ Z 2Tn; (tia,) X (ta, ) Tadn (tit,) Xi (tiry ) Tns (targ ) Ta e (i, )X E (tar,) + 0% }
LAl Al

+ Z {XP(ti,) + X } Tatbj(tar,)? { X7 (tar,) + 0% } Tndw(tar,)?
Li#lo

+ Y A{XP (i) + 0% } Tady (tin) Tadbn (tir,) { X7 (ti1,) +U§(}771¢j(tilz)771¢k(tilz)) :
LA
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By the approximation of Riemann sums, there is

E [{ / / Roo(s,t)qu(s)qbk(t)dsdt}Q]

n 2 2
<Y UIN'E ((Xl-,mﬁ - }V) E <<Xi,n¢k> + fv)

i—1
; J N N
X <<Xi7;L¢j7X’i77L¢k> + 0% (Thj, Tad) + ;,)

2 1
X Tity) + ) (IXThonl?+ o3 Tonl + 1)

+ZUZ-2N3 (

=1

n 9 1
"N (600 + 5 ) (1Kol + okl P+ )

n 1 1
+Z,ZIUZ2N2E (HX 777,¢]‘|2+0'XH77L¢]H2 N) <||XZ771¢’€”2+0'§(H77L¢]€H2+N)

n 1 2
+) v!N’E (<Xin¢j,xm¢k> + 0% (Thy, Tbw) + N) :
-

Under the assumption Nh > 1 and hj%logn < 1, itis not difficult to verify E[{ [ Roo(s,t)¢;(s) ¢ (t)dsdt}?]
is dominated by

% {E(<Xi7771¢j>2<Xi>771¢k>2) L BUXG T (| XiThde1® + ox [ Tade1*)}

N
E{(Xi, Tnow)*(IXi TndsI” + o | Tnds[1*)}
N
E{(IX:TnslI* + 0% Taei 1) (1 Xi T bil|” + 0% | Tadell*) } }
N2 '

By similar arguments as Lemma S5, we have the following lemma.

PROPOSITION S2. Under Assumptions 1 to 4, 6, 7 and h*j2¢t2e <1, hj%logn <1,
E(X;, Thow)!) Sk20 for 1 < k < 2j and
2

E| Y (X0, Tagw)® | S5°7%

k>j

By similar analysis as in Lemma 2, under the assumptions Nh 2> 1 and hj%logn < 1, we
finally obtain

<// {Roo — C(s,t)So0 — hgﬁ(s t)S10 — h%C(s t)501} ¢j(5)¢k(t)dsdt)2

i—ap—a
<] + h4k—2(zj26
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for all k¥ <25 and

S8 ( [ { R - o5~ 1 (5050 - 05 5,00 ¢j<s>¢k<t>dsdt>2

k>j
jl—?d
< + h4j172a+2c’

which complete the proof. 0
PROOF OF COROLLARY 3. When the mean function y(¢) is unknown, the raw covari-

ances in the local linear smoother are 8,5, = { Xy, — fita, ) Xa, — fita, )}, where fi(t) is
estimated by

"~ Ny L
at) = argminZviZ{Xij — Bo—Bu(tij — 1)} hiK <tz]h t> .
o

B i1 =1 n
Denote

’Ll_s tl2_t Y
Ry q(5,1) ZMZ (lh >K< lh >(till_3)p(tilg_t)q5illlg-

=1 l?élg

By equation (19) in the main text, it is enough to bound

[// {Roo(&t) - Roo(Sﬂf)} Wdﬁt} 2

2
<3 sz Z 771¢] (tir, Thq} (i) {itar,) — pota, ) H{ X, — p(ta, )}
=1 L1#l
(S.39) R 2
£330 S T () T 2 (b (X, — ot Vit — e,
=1 L f f
[ n N; 2
3 Y0 Y Tt T ) i) = e Hta) — )}
=1 L

For the first term in the right hand side of equation (S.39),

2
Zvl 5 T ) T e i) = e )X, = )}
Li=1  L#l
N; 2
- szzfrh b ) Lita,) — ulta,)} an}’%tﬂz){xﬂzmnz»}
Li=1 L=l la#l
2

Z {Xllg 112 }771, ( 1l2)

<E|| i — pl 2 I1K]Z 165/ £ 112 Z
i3 527&51

’L
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Note that

2
£ | (0 -t W) | = 3 B~ n(ta)} { % 1)
lo#l lo#l

—Op((N; = k™).
By Theorem 5.1 in Zhang and Wang (2016),

) logn 1 9
— it]|oo = 1+ —= h S,
HM M|| O (\/ n < + Nlh,u> + H) a.s

where Ny = (n=1 >0 N, H)~!

Thus,
e ¢ 2
ZwZ7z7f<ml>’/z7’“<tm>{ﬂ<tul>—u(tu1>}{xu2—u(tz-b)}
i=1 11 #l,

k= (logn 1 4
= 1 h .
or (5 {3 (o) )

By similar analysis, the second term in the right hand side of equation (S.39) has the same
bound as the first term. For the last term,
2

ZUI Z 77l ’Lll ﬁlik( Zl2){ﬂ(till) - /’L(tlll)}{lu'(tlll) - :u’(tllz)}
=1 Li#l

<K N0/ FlI2 b/ Fll2ali — 1lla

which is dominated by the first two terms. Thus, under the assumption N1 > j* and Ny hy 2

1, [ {Ro0 — Roo}5(5)6x(t)/(f (5) £ (£))dsdlt]? is dominated by
Ll ayma  J"HE 1 47 2¢-2
— T+ — h* k=742,
n (j TN 7 N2> *
Similarly, under the assumption N7 > 5 and hj%%logn < 1,

[/ {Roo — Roo}bj(s)bw(t )/(f(s)f(t))dsdt]

k>j
is dominated by

1 1 9g, j *h 1447 ht 4 1—2a+2¢

S4. Proofs of lemmas in supplement

PROOF OF LEMMA S1. As (\j = A)(6j: é) = [ Codjdr — [ Cjon = [(Co—C)gn+
f(Co — C)(¢j — ¢;) b, by expansion in Hsing and Eubank (2015), we have

k#j k k#ﬂ A~

=11 + I, + Is.
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The last term in equation (S.40) is bounded by

(S.41) Zslloo < 165 — &5ll2llésl12ll5ll00 S 1105 — 52
For I, note that

(Co— C)(; — ;) Mo [(Co = C) (b — b;) b
Ir = ~ =1 I
(542) I 5, + ; Aj()\j W o= Io + Ino,
where
112,1]l00 = [[(Co = C) (5 — D)oo/ Aj S11(Co — O)|oolldj — bjl125%,
and
M| [(C ¢g)¢k\ Mel [(Co = C) (95 — ¢5) ]
[112.2]|00 < o S
[[12.2]] gé; )\l)\ _)\k| [t ; >\|>\ W

(X

K
SI(Co = O)llmsl oy — ¢jll25*+

Next, we focus on I, which is the dominating term, by similar arguments,

/ (Co— C)(&; — )1

DTS A
S5 ) SI(Co—O) o —o))l25°
oz AN = Al

Z f ¢]¢k¢k+ Z )\k:f( ¢]¢k Z f CO )\ ¢]¢k¢

k#j,k<2j )‘ =M k=2j A ()‘ = Ak)
=h1+hLo+ 13

For I 1 and I 2, by Theorem 1, there are

Co—C);
ez 3 HC=00i0d o 5~ [(Co=Olosond

k#5,k<2j |)‘J' = Akl k#j,k<2j [Aj = A

1 1 [ o o ji4ks 1 B
L YRR (SRRSO JU
j/2§<2j [k —=jl | vn \/N2 N

1
~0, <J Og]_|_

k=2j

lOg]+ a+110gj+h2j0+110gj>

m“ f )

and

Aklf (Co— C); |
AjIAj — Al

V(S i)
k= 23)‘2|)‘ _>‘k:|
5(2 > ‘a+1/2

k=2j

1 —3i% 4 1S jat
_o, ) h J _+J A 4p2jtte )
NG vV Ny VAN,

[111,2[ 00 S

1Pkl

s(i

k=2j

/(C'o —C)ojor

[e.e]

/(éo —C)d;ox




22

In summary, there are

bj—pj=N+L+Iz=hL1+Nhot+lig+Ios+Ioo+I3=0dj0+ 5\]‘_1¢j,17

o0

¢io:=Ti1+TNo+hy+ho+Is, ¢ja=>Nhsz=)_ {/(C’o - C')¢j¢k} Pk

k=2;
On the high probability set Q,,, ||(Co — C)||0ei® + [|(Co — C)|lusj*™" = O(1) then
[¢50llo0 < H1llo0 4 [[12]lo0 + (12,1100 + [[T2:2]l00 + [[£3]loc
SIllos + [M12llo0 + (14 [1A(Co = C)looi® + 11(Co = C)lusi* ) 1d5 — 6512
Slalloo + 111,20l00 + 165 = 6112

1 a 1 a+1
=0, | L8+ — (i#11og+ 157
TLNQ
E 1 +1 2 e+l
+ — + — % logj+h*j " logg |,
VnhN, NTLoS S &

which completes the proof.

O

PROOF OF LEMMA S2. For the first statement in Lemma 4, as P,,,g = Zzzll (g, Or) Ok

m— m—1 m—1
[P<myll3 = Z SR> <D Mgl oullze < D 1S m,
k=1 k=1 k=1
m— m—1
[P<mglloc < z s O || Pkl oo < Z lgll okl S Y 1S m,
k=1 k=1 k=1

1Po2mgll = llg = P<amgll < lglls + |P<zmgllz S 1+ (2m)' /2 S m'2.

For the second statement, note that

/ C(Thd; — )b

and for all f € £2,

o0

Z Nel Taok — Gk lloo| (f, Ok

o k=

1(ThC = C) flloo = ZAk Ttk — 1) ([, br)

kmin(1, h2k%)|(f, o1

NE

<

B
Il

1
1/2

o 1/2 1
S [Z k‘”’“mmu,h‘*k%)] [Z| f.00)] ] <52 e
k=1

k=1

= M| ((Thodj — 05), )| < Ml Thovj — bl dill2 S k™ *R% 5,
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Recall ||g||1 =1 for g € x1(p).

(ECo¢;, P>2;9) = (ThCThtj, P>2i9) = (ThC — C)(Thtbj — ¢7), P>2;9)
+(C(Thdj — ¢5), P>259) + ((ThC — C) ¢, P>259)-

For the last three terms in the right hand side of last equation, there are

[(ThC — C) b5, P>2i9)| = Nj{Taoj — &5, P>2i9)| < Njl|Thdvj — ¢jlloo | P>2;9111
rS)\JhQ']CJl/Q S h2j0+1/2—a,

o)

(C(Thdj — 05), P22, = | D (C(Tugj — b5), b1) {6k, 9)
k=2

Z C(Trs — 69 o) llonlliglh S 3 kol S hjerica

k= k=2j
and

[{(ThC = C)(Thoj — ¢7): P>2;9)| < (ThC — C)(Thdbj — &;)llo0l| P>259111

§j1/27a||771¢] ¢]H2HP>2]9H1 <j1/2 ah2 1/2 < h2 jctl—a

The proof is complete by summing up the above. O

PROOF OF LEMMA S3 . For F1,

1 < 1
Ey= sup — Z NAN -1 Z |77z¢j(Till)77173223‘9(Tz‘l2)||5illlz|1(|6u112|>An)
gexa(p) i i(Ni —1) 1<l #1,<N;

n
< o [ T10; loo | TR P25l 0 3

< |dat, l2| (1i14151>An)
gexa(p) Vi Ni(Ni —1)

1<l #l<N;

Za Za
< su T TP 5 9
gex}?p)H 1®;lloo | Th >2a9HooAa TR a0 T

where

Z ‘(51'1112 ’a and EZQ = E’(Silll2|a 5 1
1<l #1:<N;

1
n poe NZ(NZ -1)

For Fi,
EF|< Y E[C7M(¢), Po2j9)]

g€x1(p)

E | (£, P>219) L 4,(1Prnsio Ao 521 o)
No(Ny —1)
g€x1(p)

5>

g€x1(p)

~ . _ 1/2
[EL4i(f, P22;9) PP (|Ai(f, P22;9)| > A N3 f1ocM ) |
Na(Ny —1)
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A (. CNj211/2
< > B o ()
9€x:1(p) 212 nP>2;9 |0
an1/2 MNQ
<——2 _exp|— .
Na(Na —1) 4 M,

PROOF OF LEMMA S4. Recall that
E|Ai(¢5, P>2;9)[> <N} Ai1(6, P>2;9) + 2N { Aina (85, P>2;9)
+ Ains(¢j, P>2;9)} + 2N7 Aiz1 (¢, P>2;9).-

with
A5, P>2;9) =E [[{X, Tad;) P (X, TaP>2;9) %] ,
2(%,7’ 239) =E [[(X, Tu;) P (| X TaP>2593 + 0% | TaP=2;913)]
Ai3(¢5, P>2;9) =E [[(X, ThP>2;0) > (| X Tro5113 + 0% | Tads113)] -
Ais1 (65, P>259) =E [(IXTros 113 + oX [ Tasl13) (I X TaP22;9113 + 0% [ TaP>259113)] -

1
Note that E[| X o[|3 < [ EIX (8)]*|e)2dt|¢l3 < llell3 and E(| X3+ 02[0l13)? < llell3
for all p € L2, we have Ai31(¢j, P>2j9) S I Thedi 51 ThP>2;i9l3 and Aioa (¢, P>2;9) S
1/2
|E [|[(X, Troj)|*] | P2 | TiPa;gl3. As [ Tadsllz < ll65]l2 < 1, | TaPs2igll2 = | Thg — Th Peajgll2 <
4h V2)|g|l1 + || P<ajgll S 4h™/2 +(25)Y/2 S h=1/2 for all g € x1(p) and E|(X, T¢,)|* <
—22 by Lemma 2,

(5-43) Aiz1(6j,P>2i9) Sh™',  Aia(dy, P>2jg) S5~ h~",
Next, we focus on quantity E(X, 7, P>2;¢)* and note that
(S.44) (X, ThP>259) = (ThX — P<2; X, 9) — (Th X — P<2; X, P<2;g)-

For the second term in the right hand side of equation (S.44), note that
[(ThX — Pegj X, Pegjg)| < | ThX — Pegj X2l Peajglla S 521 ThX — PegjX|l2,
and E[|| T, X — P<o; X ||3] < 7272¢, we have

(S.45) E[[(Th X — P<a;jX, P<ojg)|'] S 547

For the first term in the right hand side of equation (S.44), we further have
(S8.46) (ThX —P<2; X, g) = (ThP<2j X — P<2; X, 9) + (ThP>2; X, g).
Note that

N

EHEPQJX 7)<2]XHoo)

251 4 7
Z €kl Tk — qﬁk\\oo)

(S47) 25—1 25—1 25—1

Z ygk\h%C) <) (B TR2EC < Z)\ h2ke
k=1 k=1

N

25—1
Z thc < h2 c+1 <]1 a(h4 20+2a)1/2 <]1 a
k=1
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For the second term in equation (S.46), as 7,g > 0 and || 7,g||1 = 1 for all g € x1(p),

ENThP>2;X, 9)|* = E[(P>2; X, Tag)|* <E(|P>2; X|*, Thg)

(S.48) 1 1
— / E[Pan; X (8) Mg (1)t < / F T g(t)de < 5%,
0 0

Combine equation (S.44) to (S.48), we have E|(X, T,P>2,9)|* < j*72. Thus,

=

An1(¢5, P>2;9) < (ENX, Thdi) | "E[(X, ThP>2;9)|*)
ST S5

Ain3(05, P2i9) <1 Thdi |2ZE [[(X, TaPs2;g) P(1X 172 + 02)]
< (ENX, TiPszig)l )2 < 527

The proof is complete by combing equation (S.43) and (S.49) and the arbitrariness of g.
O

(S.49)

PROOF OF LEMMA S5. Denote &, = (X;, ¢), then X; = 72 | ixdr. By Minkowski
Inequality and Assumption 1,

k=1 k=1 k=1

Forall w € [h,1 — hl,

% w _@ w)| = l u—t (bk(t) _(bk(u)
Tap ) f()‘ ‘h/K< ) S
Ry ouw) (oY R (e @)\ | k()
‘/1K(”){f<u> (i) @ (Fy) w5

<2162 (1)]o S W2KC.
Thus

E =E

(e ] = [{ [ vl [r(252) )
([ sl [ (5) S

h
S0 Oh+ / lh) xswy [1(*5) ff(;y))dyduﬂ
SEI(€+ bl Xill + B Xl

SEL&G, + PEIXG |+ (hH%)?El1 X))
Sk—2a7

where the last inequality is due to Assumption 1 and h*;j2972¢ = O(1), hj%logn = O(1).
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By similar analysis, one has

2 2
1
Z<an¢’“> S (s 2 ) il an | 1r - | S nil®
J >j
Thus,
2
Z<Xfﬁ > <Z< ThXif — Zszr¢r,¢k> + R X
k>j k>j
(8.51) ' 4 ) )
J J fe’e)
5 Ezgirgbr_z&rd)r Z {irqsr +hHXZ||2
r=1 r=1 r=j+1
By Minkowski inequality,
- N 25 3
852 (E|| Y ool | ={E(D| ¢ <D (B SN <
r=j+1 r>j r>j r>j

By similar argument as in (S.50), one has || 7, ¢r — o || < h + h2kC. Thus,

J J
‘ T &irdr — > irtyr
r=1 r=1

J J
< NGl Thor — &ell S 1€l (W*r® + 1)
r=1 r=1

and then
j j N R
B\ 70 &irtr = Y &nte| | D (BEL)* (B*r°+ )
(853) r=1 r=1 r=1
J ) J
SO AP+ h) S (WP +h) SR 4 hg S
r=1 r=1

where the last inequality is by h*j24+2¢ <1 and hj%logn < 1.
Combine equation (S.51), (S.52) and (S.53), the proof is complete by

2
E(Y <X /. Th‘éf >
k>j
J j 4 o 4
r=1 r=1 r=jt1
O
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