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1. Additional Simulation Results

We present additional simulation results based on 200 Monte Carlo runs. Inparticular, De- 15

sign III illustrates the situation that the response does not necessarily depend on the leading
principal components and the regression coefficients may decay more slowly than theoretically
required. Specifically, we usebj1 = 0, bj2 = 1, bj3 = 0·5, bjk = (k − 2)−3 for k = 4, . . . , 50,
j = 1, 2, and other settings are the same as Design I. The results acrosssn follow a similar pat-
tern, while the automatedabic captures the regression relationship adaptively and resembles the20

optimal estimation and prediction. The refitting step using least squares with jointlytunedsnj

behaves similarly as in Design I. Designs IV contains ultra-high numbers of scalar covariates
γ = (1T

5 , 0
T

995)
T with pn = 1000, and other settings the same as Design II. The results exhibit

similar phenomenon as those in Design II. Moreover, Table 2 includes the results obtained from
the same settings as Design I–IV except for a larger sample sizen = 400. For Table 3, the only 25

setting difference is that the regression errorεi is generated fromN(0, 2) instead ofN(0, 1). As
expected, a larger sample size reduced the estimation and prediction errors,while a higher noise
level increased such errors.

2. Regularity Conditions

Without loss of generality, we assume that{Xj , j = 1, . . . , d}, Y andZ have been cen- 30

tred to have mean zero. WithWijl = xij(tijl) + εijl, for definiteness, we consider the lo-
cal linear smoother for each set of subjects using bandwidths{hij , j = 1, . . . , d}, and de-
note the smoothed trajectories bŷxij . Denote the minimum and maximum eigenvalues
of a symmetric matrixA by λmin(A) and λmax(A). Recall that the firstg functional
predictors are significant, while the rest are not. Define the(gsn + qn) × 1 vector Ñ = 35
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Design sn FZf FNf MSEf FZs FNs MSEs PE
1 2·0 0 2·5 (0) 1·5 1·1 4·2 (0·15) 26·0 (0·1)
2 0·70 0 1·7 (0·06) 0·02 1·2 0·49 (0·028) 3·9 (0·1)
3 0 0 0·076 (0·004) 0 0·38 0·069 (0·004) 0·21 (0·009)
4 0 0 0·069 (0·003) 0 0·38 0·065 (0·004) 0·13 (0·005)
5 0 0 0·11 (0·005) 0 0·40 0·067 (0·004) 0·14 (0·005)

III 6 0 0 0·15 (0·006) 0 0·41 0·068 (0·004) 0·15 (0·005)
pn = 20 10 0 0·01 0·60 (0·02) 0 0·37 0·071 (0·004) 0·19 (0·006)

16 0·17 0·21 3·4 (0·1) 0 0·05 0·089 (0·007) 0·65 (0·05)
ŝn=3·73 (0·048)abic

0 0 0·072 (0·004) 0 0·38 0·066 (0·004) 0·14 (0·005)
ŝn1=3·99 (0·083), ŝn2=3·98 (0·079)tune snj

0 0 0·056 (0·003) 0 0·32 0·063 (0·004) 0·13 (0·005)
ŝn=3·50 (0·040)

step 1 0 0·09 0·10 (0·003) 0 6·5 0·41 (0·02) 0·81 (0·021)
IV step 2 0 0 0·059 (0·003) 0 0·13 0·048 (0·003) 0·13 (0·005)

pn = 1000 ŝn1=4·05 (0·067), ŝn2 =4·11 (0·065)
tune snj 0 0 0·042 (0·002) 0 0·09 0·045 (0·003) 0·11 (0·004)

Table 1: Simulation results with sample sizen = 200 based on 200 Monte Carlo replicates for
Designs III and IV. Shown are the Monte Carlo averages (standard errors in parentheses) for
the number of false zero functional predictors (FZf ), the number of the false nonzero functional
predictors (FNf ), the functional mean squared error (MSEf ), the number of false zero scalar
covariates (FZs), the number of false nonzero scalar covariates (FNs), the scalar mean squared
error (MSEs), and the prediction error (PE). We first useabic to choose the tuning parameter
λn and a common truncationsn, then tunesnj jointly with aic by refitting the selected model
using ordinary least squares. In Design IV, Step 1 results are based on the original sample in each
Monte Carlo run, while Step 2 contains the improved results by fitting the penalized procedure
to the selected model in Step 1 with an additional sample ofn = 200.

(ξ11w
−1/2
11 , . . . , ξ1sn

w
−1/2
1sn

, . . . , ξg1w
−1/2
g1 , . . . , ξgsn

w
−1/2
gsn , Z1, . . . Zqn

)T to combine all func-
tional and scalar predictors.

Condition (B1) consists of regularity assumptions for functional data, forexample, a Gaussian
process with Ḧolder continuous sample paths satisfies (B1), see Hall & Hosseini-Nasab (2006).
Condition (B2) is standard for local linear smoothers, (B3)–(B4) concern how the functional40

predictors are sampled and smoothed, while (B5) is for the moments of non-functional covariates
Z = (Z1, . . . , Zpn

)T.

(B1) Forj = 1, . . . , d, for anyC > 0 there exists anε > 0 such that

sup
t∈T

[E{|Xj(t)|
C}] <∞, sup

s,t∈T
(E[{|s− t|−ε|Xj(s) −Xj(t)|}

C ]) <∞.

For each integerr ≥ 1, w−r
jk E(ξ2r

jk) is bounded uniformly ink.
(B2) For j = 1, . . . , d, Xj is twice continuously differentiable onT with probability 1, and45

∫

E{X
(2)
j (t)}4dt <∞, whereX(2)

j (·) denotes the second derivative ofXj(·).

The following condition concerns the design on whichxij is observed and the local linear
smoother̂xij . When a function is said to be smooth, we mean that it is continuously differentiable
to an adequate order.

(B3) Forj = 1, . . . , d, {tijl, l = 1, . . . ,mij} are considered deterministic and ordered increasingly50

for i = 1, . . . , n. There exist densitiesgij uniformly smooth overi, satisfying
∫

T gij(t) dt = 1
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Design sn FZf FNf MSEf FZs FNs MSEs PE
1 0·90 0 4·1 (0·04) 0·15 5·1 2·3 (0·08) 25·8 (0·2)
2 0 0 1·3 (0·009) 0 1·4 0·34 (0·01) 4·6 (0·04)
3 0 0 0·58 (0·008) 0 0·23 0·11 (0·004) 1·5 (0·02)
4 0 0 0·063 (0·002) 0 0·23 0·027 (0·002) 0·13 (0·004)
5 0 0 0·071 (0·003) 0 0·27 0·028 (0·002) 0·12 (0·004)

I 6 0 0 0·095 (0·003) 0 0·24 0·028 (0·002) 0·12 (0·004)
pn = 20 10 0 0 0·32 (0·01) 0 0·31 0·029 (0·002) 0·13 (0·004)

16 0 0 1·2 (0·04) 0 0·10 0·026 (0·002) 0·15 (0·004)
ŝn=4·22 (0·047)abic

0 0 0·067 (0·003) 0 0·23 0·027 (0·002) 0·13 (0·004)
ŝn1=4·67 (0·058), ŝn2=4·68 (0·061)tune snj

0 0 0·049 (0·002) 0 0·20 0·026 (0·002) 0·12 (0·004)
ŝn=4·10 (0·027)

step 1 0 0 0·11 (0·004) 0 4·6 0·13(0·007) 0·51 (0·01)
II step 2 0 0 0·052 (0·002) 0 0·07 0·025 (0·001) 0·11 (0·004)

pn = 1000 ŝn1=4·72 (0·056), ŝn2=4·60 (0·053)
tune snj 0 0 0·041 (0·001) 0 0·06 0·025 (0·001) 0·11 (0·004)

1 2·0 0 2·5 (0) 1·0 0·43 2·7 (0·1) 25·2 (0·09)
2 0·10 0 0·72 (0·04) 0 0·43 0·19 (0·01) 2·8 (0·06)
3 0 0 0·059 (0·002) 0 0·25 0·032 (0·002) 0·16 (0·006)
4 0 0 0·033 (0·001) 0 0·23 0·026 (0·001) 0·073 (0·004)
5 0 0 0·048 (0·002) 0 0·26 0·027 (0·002) 0·075 (0·004)

III 6 0 0 0·072 (0·003) 0 0·25 0·027 (0·002) 0·078 (0·004)
pn = 20 10 0 0 0·28 (0·01) 0 0·25 0·028 (0·002) 0·099 (0·004)

16 0 0·03 1·2 (0·04) 0 0·02 0·024 (0·001) 0·13 (0·004)
ŝn=3·91 (0·036)abic

0 0 0·034 (0·002) 0 0·23 0·026 (0·001) 0·075 (0·004)
ŝn1=4·37 (0·064), ŝn2=4·38 (0·066)tune snj

0 0 0·026 (0·001) 0 0·22 0·026 (·001) 0·070 (0·004)
ŝn=3·81 (0·043)

step 1 0 0·01 0·047 (0·001) 0 3·8 0·17 (0·009) 0·35 (0·008)
IV step 2 0 0 0·031 (0·002) 0 0·08 0·024 (0·001) 0·073 (0·004)

pn = 1000 ŝn1=4·28 (0·061), ŝn2=4·37 (0·067)
tune snj 0 0 0·023 (0·001) 0 0·07 0·024 (0·001) 0·058 (0·004)

Table 2: Simulation results using the same settings as Design I & II in Section 4 of the paper and
Deisgn III & IV as above, based on 200 Monte Carlo replicates, exceptthe sample sizen = 400.

and0 < c1 < infi{inft∈T gij(t)} < supi{supt∈T gij(t)} < c2 <∞ that generatetijl accord-
ing to be tijl = G−1

ij {l/(mij + 1)}, whereG−1
ij is the inverse ofGij(t) =

∫ t
−∞ gij(s) ds.

For eachj = 1, . . . , d, there exist a common sequence of bandwidthshj such that0 < c1 <
infihij/hj < supihij/hj < c2 <∞, wherehij is the bandwidth for̂xij . The kernel density 55

function is smooth and compactly supported.

Let T = [a0, b0], tij0 = a0, tij,mij+1 = b0, let ∆ij = sup{tij,l+1 − tij,l, l = 0, . . . ,mij} and
mj = mj(n) = infi=1,...,nmij . The condition below is to let the smooth estimatex̂ij serve as
well as the truexij in the asymptotic analysis, denoting0 < lim an/bn <∞ by an ∼ bn.

(B4) Forj = 1, . . . , d , supi ∆ij = O(m−1
j ), hj ∼ m

−1/5
j ,mjn

−5/4 → ∞. 60

The condition for the scalar covariates is given below.

(B5) {Zl, l = 1, . . . , pn} are subGaussian random variables such thatpr(|Zl| > t) ≤
exp(−2−1Ct2) for anyt ≥ 0 and someC > 0 that does not depend onl, λmax(Σ) ≤ c1 <∞
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Design sn FZf FNf MSEf FZs FNs MSEs PE
1 0·94 0 4·1 (0·03) 0·41 7·3 4·9 (0·2) 28·0 (0·6)
2 0·56 0 2·8 (0·1) 0·08 3·3 1·4 (0·07) 9·9 (0·3)
3 0·01 0 0·63 (0·02) 0 1·7 0·38 (0·03) 1·7 (0·07)
4 0 0 0·17 (0·007) 0 0·58 0·15 (0·009) 0·31 (0·01)
5 0 0 0·23 (0·1) 0 0·58 0·15 (0·009) 0·30 (0·01)

I 6 0 0 0·33 (0·01) 0 0·63 0·15 (0·009) 0·32 (0·01)
pn = 20 10 0·01 0·01 1·3 (0·05) 0 0·49 0·15 (0·009) 0·44 (0·05)

16 0·31 0·18 7·7 (0·3) 0·08 0·20 0·36 (0·03) 3·6 (0·3)
ŝn=4·12 (0·026)abic

0 0 0·18 (0·009) 0 0·56 0·15 (0·009) 0·30 (0·01)
ŝn1=4·59 (0·069), ŝn2=4·61 (0·060)tune snj

0 0 0·14 (0·006) 0 0·48 0·14 (0·008) 0·28 (0·01)
ŝn=4·04 (0·021)

step 1 0 0·04 0·29 (0·008) 0 7·3 0·55 (0·03) 1·9 (0·07)
II step 2 0 0 0·15 (0·008) 0 0·16 0·096 (0·005) 0·26 (0·02)

pn = 1000 ŝn1=4·53 (0·056), ŝn2=4·46 (0·050)
tune snj 0 0 0·12 (0·006) 0 0·15 0·095 (0·005) 0·24 (0·008)

1 2·0 0 2·5 (0) 1·5 1·2 4·3 (0·15) 26·1 (0·1)
2 0·33 0 1·1 (0·06) 0·02 0·69 0·43 (0·03) 3·3 (0·1)
3 0 0 0·10 (0·005) 0 0·39 0·13 (0·008) 0·29 (0·01)
4 0 0 0·12 (0·006) 0 0·39 0·13 (0·008) 0·22 (0·01)
5 0 0 0·20 (0·009) 0 0·41 0·13 (0·008) 0·24 (0·01)

III 6 0 0 0·29 (0·01) 0 0·41 0·14 (0·008) 0·26 (0·01)
pn = 20 10 0·03 0·07 1·4 (0·06) 0 0·17 0·12 (0·007) 0·41 (0·03)

16 0·02 1·3 11·8(0·4) 0·02 0·39 0·18 (0·02) 1·0 (0·03)
ŝn=3·76 (0·065)abic

0 0 0·15 (0·02) 0 0·36 0·13 (0·008) 0·24 (0·01)
ŝn1=3·76 (0·064), ŝn2=3·79 (0·066)tune snj

0 0 0·070 (0·004) 0 0·29 0·12 (0·007) 0·20 (0·01)
ŝn=3·33 (0·040)

step 1 0 0·06 0·18 (0·006) 0 6·4 0·63 (0·03) 1·5 (0·04)
IV step 2 0 0 0·091 (0·005) 0 0·12 0·099 (0·005) 0·23 (0·009)

pn = 1000 ŝn1=3·96 (0·060), ŝn2=3·73 (0·048)
tune snj 0 0 0·065 (0·003) 0 0·10 0·095 (0·005) 0·18 (0·009)

Table 3: Simulation results using the same settings as Design I & II in Section 4 of the paper
and Deisgn III & IV as above, based on 200 Monte Carlo replicates, except the variance of the
regression errorσ2 = 2.

and 0 < c2 ≤ λmin(U1) ≤ λmax(U1) ≤ c3 <∞ for all n, where Σ = E(ZZT) and
U1 = E(ÑÑT).65

3. Auxiliary Lemmas

For eachj = 1, . . . , d, given the estimated covariancesK̂j(s, t) = n−1
∑n

i=1 x̂ij(s)x̂ij(t), the
eigenvalues/functions and functional principal component scores areestimated by

∫

T
K̂j(s, t)φ̂jk(s)ds = λ̂jkφ̂jk(t), ξ̂ijk =

∫

T
x̂ij(t)φ̂jk(t)dt, (1)

subject to
∫

T φ̂
2
jk(t)dt = 1 and

∫

T φ̂jk1
(t)φ̂jk2

(t)dt = 0 for k1 6= k2. Denote ∆̂2
j =

|||K̂j −Kj |||
2 =

∫

T

∫

T {K̂j(s, t) −Kj(s, t)}
2dsdt, <j(s, t) = n1/2{K̂j(s, t) −Kj(s, t)},70
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(xij ⊗ xij)(s, t) = xij(s)xij(t), the second derivative ofxij by x
(2)
ij , the minimum and

maximum eigenvalues of a symmetric matrixA by λmin(A) and λmax(A). Let then× pn

matrix ZM = (z1, . . . , zn)T = (Z
(1)
M , Z

(2)
M ) with Z

(1)
M containing the firstqn columns of

ZM . DefineMj as then× sn matrix with (i, k)th elementξijk, andM = (M1, . . . ,Md),
M (1) = (M1, . . . ,Mg) andM (2) = (Mg+1, . . . ,Md). Similarly, we defineM̃j , M̃ (1) andM̃ (2), 75

whereξijk is replaced byξijkw
−1/2
jk . Moreover, we denotêMj as then× sn matrix with (i, k)th

elementξ̂ijk, andM̂ = (M̂1, . . . , M̂d), M̂ (1) = (M̂1, . . . , M̂g) and M̂ (2) = (M̂g+1, . . . , M̂d).

Similarly, we defineM̌j , M̌ (1) and M̌ (2), where ξ̂ijk is replaced byξ̂ijkw
−1/2
jk . Combin-

ing the functional and scalar covariates, we haveÑ1 = (M̃ (1), Z
(1)
M ) = (Ñ1, . . . , Ñn)T,

where {Ñi = (Ñi1, ..., Ñi,gsn+qn
)T, i = 1, . . . , n} are independently and identically dis-80

tributed asÑ . We further denoteN1 = (M (1), Z
(1)
M ) = (N1, . . . , Nn)T, Ň (1) = (M̌ (1), Z

(1)
M ),

N̂ (1) = (M̂ (1), Z
(1)
M ), and letE(ÑiÑ

T

i ) = U1. Recall thatb̌(1) denotes the estimate of̃b(1),

η̌ = (b̌(1)T, γ̂T)T, and we further denotěb(1)j the estimate of̃b(1)j . Supposeα(·), β(·) andG(·, ·)

are square-integrable functions onT andT × T . Write ||α||,
∫

αβ (or 〈α, β〉) and
∫

Gαβ for
{
∫

T α
2(t)dt}1/2,

∫

T α(t)β(t)dt and
∫ ∫

T 2 G(s, t)α(s)β(t)dsdt. 85

Lemma 1 provides results for the estimates obtained by functional principal component anal-
ysis. We first quantify the smoothing error ofx̂ij and its influence carried over to the covari-
ance and functional principal component estimates,ξ̂ijk − ξijk = ξ̃ijk − ξijk + ξ̂ijk − ξ̃ijk =
∫

xij(φ̂jk − φjk) +
∫

(x̂ij − xij)φ̂jk. Then we obtain upper bounds for the differences be-
tween the estimated and true eigenfunctions in terms of covariance perturbation and eigen- 90

value spacings for quantifying the increased estimation error of the higher order terms. For each
j = 1, . . . , d, denote

δjk = min
l=1,...,k

(wjl − wj,l+1), Jjn = {k = 1, . . . ,∞ : wjk − wj,k+1 > 2∆̂j},

where∆̂j = |||K̂j −Kj |||, that is, considerk ∈ Jjn for which the distance ofwjk to the near-
est other eigenvalues does not fall below2∆̂j . It is known thatφjk can be consistently esti-
mated fork ∈ Jjn (Theorem 1, Hall & Hosseini-Nasab, 2006),‖φ̂jk − φjk‖ = Op(δjk∆̂j) =

Op(k
a+1n−1/2), implying supJjn = o

{

n1/(2a+2)
}

. However, for our theoretical analysis, we
need a sharper bound without compromising the number of eigenfunctions considered. Define
the set of realizations such that, for sample sizen, someC and anyτ < 1,

Fsn,j = {(ŵjk1
− wjk2

)−2 ≤ 2(wjk1
− wjk2

)−2 ≤ Cnτ , k1, k2 = 1, . . . , sn, k1 6= k2}.

Lemma 1.(a) Under conditions (B1)–(B4), for eachi = 1, . . . , n and eachj = 1, . . . , d, we

haveE(‖x̂ij − xij‖
2) = o(n−1), E

{

∫

(x̂ij − xij)
4
}

= o(n−2). For eachj = 1, . . . , d, we

haveE(|||K̂j −Kj |||
2) = O(n−1). 95

(b) Under conditions (A1), (A3), (B1)–(B4), for eachj = 1, . . . , d, we havesn ∈ Jjn for largen,
pr(Fsn,j) → 1 asn→ ∞ for anyτ < 1. Moreover, for eachk = 1, . . . , sn, ‖φ̂jk − φjk‖ =

Op(k n
−1/2), whereOp(·) is uniform ink = 1, . . . , sn.

(c) Under conditions (A1), (A3), (B1)–(B4), for eachj = 1, . . . , d,

φ̂jk(t) − φjk(t) = n−1/2
∑

v:v 6=k

(wjk − wjv)
−1φjv(t)

∫

<jφjkφjv + αjk(t),
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where||αjk|| = Op(k
a+2n−1), <j = n1/2(K̂j −Kj), andOp(·) is uniform ink = 1, . . . , sn.100

(d) Under conditions (A1), (B1)–(B4) andn−1/2sn = op(1), for any j = 1, . . . , d, we have
c1λn ≤ λjn ≤ c2λn for some positive constantsc1, c2.

The next lemma quantifies the asymptotic orders of several important types ofexpressions that
will be encountered in the proofs of our lemmas and main theorems. For convenience, define the
following notations,l, l1, l2 = 1, . . . , pn, k, k1, k2 = 1, . . . , sn, j, j1, j2 = 1, . . . , d,105

θ
(1)
jk =

n
∑

i=1

(ξ̂ijk − ξijk)
2w−1

jk , θj1j2
k1k2

(2)
= n−1

n
∑

i=1

(ξ̂ij1k1
ξ̂ij2k2

− ξij1k1
ξij2k2

)(wj1k1
wj2k2

)−1/2,

θj1j2
k1k2

(3)
= n−1

n
∑

i=1

{ξij1k1
ξij2k2

− E(ξj1k1
ξj2k2

)}(wj1k1
wj2k2

)−1/2, θj1j2
k1k2

(4)
= θj1j2

k1k2

(2)
+ θj1j2

k1k2

(3)
,

θ
(5)
jkl = n−1

n
∑

i=1

(ξ̂ijk − ξijk)zilw
−1/2
jk , θ

(6)
jkl = n−1

n
∑

i=1

{ξijkzil − E(ξijkzil)}w
−1/2
jk ,

θ
(7)
jkl = θ

(5)
jkl + θ

(6)
jkl, θ

(8)
l1l2

= n−1
n

∑

i=1

{zil1zil2 − E(zil1zil2)},

ϑ
(1)
jl =

n
∑

i=1

∞
∑

k=sn+1

ξijkbjk0zil, ϑ
(2)
jl =

n
∑

i=1

sn
∑

k=1

(ξ̂ijk − ξijk)(b̂jk − bjk0)zil,

ϑ
(3)
jl =

n
∑

i=1

sn
∑

k=1

(ξ̂ijk − ξ̃ijk)bjk0zil, ϑ
(4)
jl =

n
∑

i=1

sn
∑

k=1

(ξ̃ijk − ξijk)bjk0zil,

ϑ
(5)
jl =

sn
∑

k=1

bjk0

∫

(

n
∑

i=1

xijzil − nΞjl)(φ̂jk − φjk), ϑ
(6)
jl = n

sn
∑

k=1

bjk0〈Ξjl, αjk〉,

ϑ
(7)
jl = n1/2

sn
∑

k=1

∑

v 6=k

bjk0(wjk − wjv)
−1〈Ξjl, φjv〉

∫

(<j −<∗
j )φjkφjv,

ϑ
(8)
jl = n1/2

sn
∑

k=1

∑

v 6=k

bjk0(wjk − wjv)
−1〈Ξjl, φjv〉

∫

<∗
jφjkφjv,

whereϑj
(m) = (ϑ

(m)
j1 , ...ϑ

(m)
jqn

)T denote corresponding vectors and<∗
j = n1/2(K̃j −Kj), where

K̃j = n−1
∑n

i=1 xij ⊗ xij .

Lemma 2.(a) Under conditions (A1), (A3), (B1)–(B5), we have

θ
(1)
jk = Op(k

a+2), θj1j2
k1k2

(2)
= Op

(

k
a/2+1
1 n−1/2 + k

a/2+1
2 n−1/2

)

,

θj1j2
k1k2

(3)
= Op(n

−1/2), θj1j2
k1k2

(4)
= Op

(

k
a/2+1
1 n−1/2 + k

a/2+1
2 n−1/2

)

,

θ
(5)
jkl = Op

(

ka/2+1n−1/2
)

, θ
(6)
jkl = Op(n

−1/2),

θ
(7)
jkl = Op

(

ka/2+1n−1/2
)

, θ
(8)
l1l2

= Op(n
−1/2),

where theOp(·) andop(·) terms are uniform fork, k1, k2 = 1, . . . , sn andl, l1, l2 = 1, . . . , pn.
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(b) Under conditions (A1)–(A7), (B1)–(B5), uniformly forl = 1, . . . , pn, 110

ϑ
(1)
jl = ϑ

(2)
jl = ϑ

(3)
jl = ϑ

(5)
jl = ϑ

(6)
jl = ϑ

(7)
jl = op(n

1/2),

ϑ
(4)
jl = ϑ

(5)
jl + ϑ

(6)
jl + ϑ

(7)
jl + ϑ

(8)
jl .

Lemma 3 characterizes the eigenvalues of the design matricesŇ1, and Lemma 4 con-
cerns the asymptotic order ofΛ1 = PŇ1

(YM − Ň1η̃10), wherePŇ1
= Ň1(Ň

T

1 Ň1)
−1ŇT

1 , YM =
(y1, ..., yn)T, andη̃10 is the true parameter of̃η1.

Lemma 3. Under conditions (A1), (A3), (A5), (B1)–(B5), we have|λmin(Ň
T

1 Ň1/n) −
λmin(U1)| = op(1), |λmax(Ň

T

1 Ň1/n) − λmax(U1)| = op(1). 115

Lemma 4. Under conditions (A1)–(A5), (B1)–(B5), we have‖Λ1‖
2
2 = Op(r

2
n), wherer2n =

qn + sn.

4. Proof of Lemmas

Proof of Lemma 1. We shall show Lemma 1 for any fixedj = 1, . . . , d, we suppress the
subscriptj in this proof for convenience. For part (a), recall thatWil = xi(til) + εil, where 120

the errorεil are independent ofxi. Thus one can factor the probability spaceΩ = Ω1 × Ω2,
whereΩ1 is for {xi}i=1,...,n and Ω2 for {εil}l=1,...,mi

. Given the data for a single subject,
a specific realizationxi corresponds to fixing a valueωi ∈ Ω1, that is xi(·) = xi(·, ωi).
We write Eε for expectations with regard to the probability measure onΩ2, andEX with
respect toΩ1. For each fixedωi, the error{εil, i = 1, . . . , n} are independent and identi-125

cally distributed for differentl, with Eε(εil) = 0 and Eε(ε
2
il) = σ2

x. Given condition (B3)
together with a local linear smoother, one hasE(‖x̂i − xi‖

2) = EX

[

Eε

{ ∫

(x̂i − xi)
2
}]

.
Using standard Taylor expansion argument, together with the dominant conver-
gence theorem givenE(‖x

(2)
i ‖4) <∞, it is easy to verify EX

[

Eε

{ ∫

(x̂i − xi)
2
}]

≤

C
∫ [

EX

{

(x
(2)
i )2

}

h4 + (mh)−1
]

under (B3), yieldingE(‖x̂i − xi‖
2) = o(n−1) by (B4). Sim- 130

ilar arguments will also lead toEX

[

Eε{
∫

(x̂i − xi)
4}

]

≤ C
∫ [

EX{(x
(2)
i )4

}

h8 + (mh)−2
]

,
thus E

{ ∫

(x̂i − xi)
4
}]

= o(n−2). Regarding K̂ = n−1
∑n

i=1 x̂i ⊗ x̂i, notice that
K̂ −K = n−1

∑n
i=1

{

(x̂i − xi) ⊗ xi + (x̂i − xi) ⊗ (x̂i − xi)
}

+
(

n−1
∑n

i=1 xi ⊗ xi −K
)

.
It is easy to see that the first term on the right hand side is dominated by
n−1

∑n
i=1 |||(x̂i − xi) ⊗ xi|||. Since {x̂i, xi} is independent of{x̂i′ , xi′} for i 6= i′, we 135

have E
[{

n−1
∑n

i=1 |||(x̂i − xi) ⊗ xi|||
}2]

=
{

E|||(x̂i − xi) ⊗ xi|||}
2 + n−1var(|||(x̂i −

xi) ⊗ xi|||) ≤ E(‖x̂i − xi‖
2)(E‖xi‖

2) + n−1
{

E(‖(x̂i − xi)‖
4)(E‖xi‖

4)
}1/2

= o(n−1).
The second termE(|||

(

n−1
∑n

i=1 xi ⊗ xi −K|||2) = O(n−1) by Lemma 3.3 of Hall &
Hosseini-Nasab (2009). This leads toE(|||K̂ −K|||2) = O(n−1).

We next obtain the bound in (b) fork = 1, . . . , sn. First notice thatFn can be implied 140

by mink=1,...,sn
(wk − wk+1) ≥ s−a−1

n ≥ Cn−τ/2 for someC and any τ < 1, which is ful-
filled by sa+1

n n−1/2 → 0 in (A3), leading topr(Fn) → 1 as n→ ∞. It is easy to see that
for k = 1, . . . , sn, wk − wk+1 ≥ s−a−1

n > 2∆̂ as n→ ∞, that is sn ∈ Jn for large n. Now
we will bound ||φ̂k − φk||

2 for k = 1, . . . , sn. By (5.16) in Hall & Horowitz (2007), one has

‖φ̂k − φk‖
2 ≤ 2û2

k, whereû2
k =

∑

v:v 6=k(ŵk − wv)
−2

{

∫

(K̂ −K)φ̂kφv

}2
. Also pr(Fn) → 1 145
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implies that(ŵk − wv)
−2 ≤ Cnτ with probability tending to 1. Then we have

û2
k ≤

∑

v:v 6=k

(ŵk − wv)
−2

[

2
{

∫

(K̂ −K)φjφv

}2

+2
{

∫

(K̂ −K)(φ̂k − φk)φv

}2]

≤ 2
∑

v:v 6=k

(ŵk − wv)
−2

{

∫

(K̂ −K)φkφv

}2

+2Cnτ
∑

v 6=k

{

∫

(K̂ −K)(φ̂k − φk)φv

}2

≤ 4
∑

v:v 6=k

(wk − wv)
−2

{

∫

(K̂ −K)φkφv

}2
+ 2Cnτ ∆̂2||φ̂k − φk||

2.

Plugging this into‖φ̂k − φk‖
2 ≤ 2û2

k, one has

(1 − 2Cnτ ∆̂2)‖φ̂k − φk‖
2 ≤ 4

∑

v:v 6=k

(wk − wv)
−2

{

∫

(K̂ −K)φkφv

}2
.

As ∆̂ = Op(n
−1/2) and τ < 1, we havenτ ∆̂2 = op(1), and ‖φ̂k − φk‖

2 ≤ C
∑

v 6=k(wk −

wv)
−2{

∫

(K̂ −K)φkφv}
2. Given the results in (a), by analogy to (5.22) in Hall & Horowitz

(2007),nE[
∑

v 6=k(wk − wv)
−2{

∫

(K̂ −K)φkφv}
2] = O(k2) still holds, the result follows by150

Chebyshev’s inequality.
To obtain (c), using Lemma 5.1 of Hall & Horowitz (2007) withψk = φ̂k, λk = ŵk andL =

K̂, sinceinf{v:v 6=k} |ŵk − wv| > 0, we have

φ̂k − φk =
∑

v:v 6=k

(ŵk − wv)
−1φv

∫

(K̂ −K)φ̂kφv + φk

∫

(φ̂k − φk)φk

=
∑

v:v 6=k

(wk − wv)
−1φv

∫

(K̂ −K)φkφv + φk

∫

(φ̂k − φk)φk

+
∑

v:v 6=k

(wk − wv)
−1φv

∫

(K̂ −K)(φ̂k − φk)φv

−
∑

v:v 6=k

(ŵk − wk){(wk − wv)(ŵk − wv)}
−1φv

∫

(K̂ −K)φ̂kφv.

Denote the last three terms byαk ≡ α1k + α2k + α3k. Forα1k, one has

‖φ̂k − φk‖
2 = 2 − 2

∫

φ̂kφk = 2(

∫

φ2
k −

∫

φ̂kφk) = −2

∫

(φ̂k − φk)φk,

that isα1k = −‖φ̂k − φk‖
2/2. From part (b), one has‖φ̂k − φk‖ = Op(kn

−1/2) uniformly in
k = 1, . . . , sn, then‖α1k‖ = Op(k

2n−1). To boundα2k, noticing‖
∑

v cvφv‖
2 =

∑

v c
2
v due to155
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orthonormal{φk},

‖α2k‖ ≤
[

∑

v 6=k

(wk − wv)
−2

{

∫

(K̂ −K)(φ̂k − φk)φv

}2
]1/2

≤ δ−1
k ∆̂‖φ̂k − φk‖ = Op(k

a+2n−1).

Forα3k, noticing thatsupk=1,...,∞ |ŵk − wk| = Op(∆̂), we can bound‖α3k‖ as follows,

2|ŵk − wk|
[

∑

v:v 6=j

(wk − wv)
−4

{

∫

(K̂ −K)φ̂kφv

}2
]1/2

≤ C∆̂
[

∑

v:v 6=k

(wk − wv)
−4

{

∫

(K̂ −K)φkφv

}2

+
∑

v:v 6=k

(wk − wv)
−4

{

∫

(K̂ −K)(φ̂k − φk)φv

}2
]1/2

= C∆̂(A1 +A2)
1/2,

where A1 =
∑

v:v 6=k(wk − wv)
−4

{ ∫

(K̂ −K)φkφv

}2
and A2 =

∑

v:v 6=k(wk −

wv)
−4

{ ∫

(K̂ −K)(φ̂k − φk)φv

}2
. By the derivations of part (b), we have

A1 ≤ δ−2
k

∑

v:v 6=k

(wk − wv)
−2

{

∫

(K̂ −K)φkφv

}2
= Op(k

2δ−2
k n−1),

A2 ≤ δ−4
k ∆̂2‖φ̂k − φk‖

2 = Op(δ
−4
k j2∆̂4).

Notice thatδ−2
k = O{k2(a+1)} = o(n) by (A3), which indicatesA2 = op(k

2δ−2
k n−1). Thus 160

‖α3k‖ = Op(kδ
−1
k n−1). It leads to‖αk‖ = Op(k

a+2n−1).
For part (d), since

∑sn

k=1wk <∞ and supk=1,...,sn
|ŵk − wk| ≤ |||K̂ −K||| = Op(n

−1/2)
by Theorem 1 of Hall & Hosseini-Nasab (2006) and part (a), we can see that
(
∑sn

k=1 ŵk)
1/2 = Op(1) givenn−1/2sn = o(1), which completes the proof.

165

Proof of Lemma 2. Forθ(1)
jk and any fixedj, we have

θ
(1)
jk =

n
∑

i=1

(ξ̂ijk − ξijk)
2w−1

jk =
n

∑

i=1

(ξ̂ijk − ξ̃ijk + ξ̃ijk − ξijk)
2w−1

jk

≤ 2
n

∑

i=1

(ξ̂ijk − ξ̃ijk)
2w−1

jk + 2
n

∑

i=1

(ξ̃ijk − ξijk)
2w−1

jk

= 2

n
∑

i=1

{

∫

x̂ij(φ̂jk − φjk)
}2
w−1

jk + 2

n
∑

i=1

{

∫

(x̂ij − xij)φjk

}2
w−1

jk

≤ 2
n

∑

i=1

(

‖x̂ij‖
2‖φ̂jk − φjk‖

2 + ‖φjk‖
2‖x̂ij − xij‖

2
)

w−1
jk .

Given Lemma 1 and (B1), we know

E(‖x̂ij‖
2) ≤ 2E(‖x̂ij − xij‖

2) + 2E(‖xij‖
2) = O(1),
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hence, ‖x̂ij‖
2 = Op(1). From Lemma 1, we haveθ(1)

jk =
∑n

i=1

{

Op(1)Op(k
2n−1) +

op(n
−1)

}

ka = Op(k
a+2), uniformly for k = 1, . . . , sn.

Forθj1j2
k1k2

(2)
, it is obvious that170

|θj1j2
k1k2

(2)
| =

∣

∣

∣
n−1

n
∑

i=1

(ξ̂ij1k1
ξ̂ij2k2

− ξij1k1
ξij2k2

)(wj1k1
wj2k2

)−1/2
∣

∣

∣

= n−1
∣

∣

∣

n
∑

i=1

ξ̂ij1k1
(ξ̂ij2k2

− ξij2k2
)(wj1k1

wj2k2
)−1/2 +

n
∑

i=1

ξij2k2
(ξ̂ij1k1

− ξij1k1
)(wj1k1

wj2k2
)−1/2

∣

∣

∣

≤ n−1
(

n
∑

i=1

ξ̂2ij1k1
w−1

j1k1

)1/2{
n

∑

i=1

(ξ̂ij2k2
− ξij2k2

)2w−1
j2k2

}1/2
+

n−1
(

n
∑

i=1

ξ2ij2k2
w−1

j2k2

)1/2{
n

∑

i=1

(ξ̂ij1k1
− ξij1k1

)2w−1
j1k1

}1/2
.

SinceE(
∑n

i=1 ξ
2
ij2k2

w−1
j2k2

) = n for anyk2 = 1, . . . , sn , we have
∑n

i=1 ξ
2
ij2k2

w−1
j2k2

= Op(n),
uniformly for k2 = 1, . . . , sn. Moreover,

n
∑

i=1

ξ̂2ij1k1
w−1

j1k1
≤ 2

n
∑

i=1

(ξ̂ij1k1
− ξij1k1

)2w−1
j1k1

+ 2
n

∑

i=1

ξ2ij1k1
w−1

j1k1

= Op(k
a+2
1 + n) = Op(n),

uniformly for k1 = 1, . . . , sn. In conclusion, we have

|θj1j2
k1k2

(2)
| = n−1Op(n

1/2)Op(k
a/2+1
2 ) + n−1Op(n

1/2)Op(k
a/2+1
1 )

= Op

(

k
a/2+1
1 n−1/2 + k

a/2+1
2 n−1/2

)

,

uniformly for k1, k2 = 1, . . . , sn.

Forθj1j2
k1k2

(3)
,E(θj1j2

k1k2

(3)
)2 ≤ n−1

{

E(ξ4ij1k1
w−2

j1k1
)E(ξ4ij2k2

w−2
j2k2

)
}1/2

≤ c1n
−1, uniformly for175

k1, k2 = 1, . . . , sn by (B1). It follows that θj1j2
k1k2

(3)
= Op(n

−1/2), uniformly for k1, k2 =

1, . . . , sn. Moreover, it is trivial that θj1j2
k1k2

(4)
= θj1j2

k1k2

(2)
+ θj1j2

k1k2

(3)
= Op(n

−1/2k
a/2+1
1 +

n−1/2k
a/2+1
2 ), uniformly for k1, k2 = 1, . . . , sn.

Based on (B5), we conclude thatz4
il = Op(1), uniformly for l = 1, . . . , pn. Forθ(5)

jkl, we have

|θ
(5)
jkl| ≤ n−1

{

n
∑

i=1

(ξ̂ijk − ξijk)
2w−1

jk

}1/2
(

n
∑

i=1

z2
il

)1/2

= n−1Op(k
a/2+1)Op(n

1/2) = Op

(

ka/2+1n−1/2
)

,

uniformly for k = 1, . . . , sn, l = 1, . . . , pn. Furthermore,

E(θ
(6)
jkl)

2 ≤ n−1
{

E(ξ4ijkw
−2
jk )E(z4

il)
}1/2

= O
(

n−1
)

,

uniformly for k = 1, . . . , sn, l = 1, . . . , pn. Thus θ
(6)
jkl = Op(n

−1/2), uniformly for k =180

1, . . . , sn, l = 1, . . . , pn. Then it follows thatθ(7)
jkl = θ

(5)
jkl + θ

(6)
jkl = Op(k

a/2+1n−1/2), uniformly
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for k = 1, . . . , sn, l = 1, . . . , pn. For θ(8)
l1l2

, we haveE(θ
(8)
l1l2

)2 ≤ n−1
{

E(z4
il1

)E(z4
il2

)
}1/2

=

O(n−1), uniformly for l1 = 1, . . . , pn, l2 = 1, . . . , pn, and this entails thatθ(8)
l1l2

= Op(n
−1/2),

uniformly for l1 = 1, . . . , pn, l2 = 1, . . . , pn.
Forϑ(1)

jl , given (A4), we have 185

E|ϑ
(1)
jl | ≤

n
∑

i=1

∞
∑

k=sn+1

|bjk0|E |ξijkzil| ≤
n

∑

i=1

∞
∑

k=sn+1

|bjk0| {E(ξ2ijk)E(z2
il)}

1/2

≤ c1

n
∑

i=1

∞
∑

k=sn+1

k−bk−1/2 = O(ns−b+1/2
n ) = o(n1/2).

Henceϑ(1)
jl = op(n

1/2), uniformly for l = 1, . . . , pn. Forϑ(2)
jl , we have

ϑ
(2)
jl =

n
∑

i=1

sn
∑

k=1

{

∫

x̂ij(φ̂jk − φjk) +

∫

(x̂ij − xij)φjk

}

(b̂jk − bjk0)zil

=

∫

(
n

∑

i=1

x̂ijzil){

sn
∑

k=1

(φ̂jk − φjk)(b̂jk − bjk0)}

+

∫

{
n

∑

i=1

(x̂ij − xij)zil}{

sn
∑

k=1

φjk(b̂jk − bjk0)}.

It follows that

(ϑ
(2)
jl )2 ≤ 2‖

n
∑

i=1

x̂ijzil‖
2‖

sn
∑

k=1

(φ̂jk − φjk)(b̂jk − bjk0)‖
2

+2‖
n

∑

i=1

(x̂ij − xij)zil‖
2‖

sn
∑

k=1

φjk(b̂jk − bjk0)‖
2.

Since

E‖
n

∑

i=1

x̂ijzil‖
2 ≤ E(

n
∑

i=1

‖x̂ij‖|zil|)
2 ≤ n2{E(‖x̂1j‖|z1l|)}

2 + n{E(‖x̂1j‖
4)E(z4

1l)}
1/2 = O(n2),

we have‖
∑n

i=1 x̂ijzil‖
2 = Op(n

2). Similarly,

E‖

n
∑

i=1

(x̂ij − xij)zil‖
2 ≤ n2(E‖x̂ij − xij‖|zil|)

2 + n{E(‖x̂ij − xij‖
4)E(z4

il)}
1/2 = o(n),

lead to‖
∑n

i=1(x̂ij − xij)zil‖
2 = op(n). Moreover, 190

‖

sn
∑

k=1

(φ̂jk − φjk)(b̂jk − bjk0)‖
2 ≤ ‖b̌

(1)
j − b̃

(1)
j0 ‖

2
2

sn
∑

k=1

‖φ̂jk − φjk‖
2w−1

jk

= Op(r
2
n/n)Op{

sn
∑

k=1

(k2/n)ka}

= Op(r
2
ns

a+3
n /n2),
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and

‖

sn
∑

k=1

φjk(b̂jk − bjk0)‖
2 ≤ (

sn
∑

k=1

|b̂jk − bjk0|)
2 ≤ ‖b̌

(1)
j − b̃

(1)
j0 ‖

2
2

sn
∑

k=1

w−1
jk = Op(r

2
ns

a+1
n /n),

by Theorem 1. In summary, we get(ϑ
(2)
jl )2 = op(r

2
ns

a+3
n ) = op(qns

a+3
n + sa+4

n ), uniformly for

l = 1, . . . , pn. Under conditions (A3) and (A5),ϑ(2)
jl = op(n

1/2), uniformly for l = 1, . . . , pn.

Forϑ(3)
jl , we have

(ϑ
(3)
jl )2 = [

∫

{
n

∑

i=1

(x̂ij − xij)zil}(

sn
∑

k=1

φ̂jkbjk0)]
2 ≤ ‖

n
∑

i=1

(x̂ij − xij)zil‖
2‖

sn
∑

k=1

φ̂jkbjk0‖
2

≤ (

sn
∑

k=1

|bjk0|)
2op(n) = op(n),

henceϑ(3)
jl = op(n

1/2) uniformly for l = 1, . . . , pn.195

Next, we show thatϑ(4)
jl = ϑ

(5)
jl + ϑ

(6)
jl + ϑ

(7)
jl + ϑ

(8)
jl . Recall thatΞj = (Ξj1, ...,Ξjqn

)T with
E{xij(t)zil} = Ξjl(t). By lemma 1, we have the expression

φ̂jk(t) − φjk(t) = n−1/2
∑

v:v 6=k

(wjk − wjv)
−1φjv(t)

∫

<jφjkφjv + αjk(t),

where||αjk|| = Op(k
a+2n−1), <j = n1/2(K̂j −Kj), andOp(·) is uniform in k = 1, . . . , sn.

Since

ϑ
(4)
jl =

n
∑

i=1

sn
∑

k=1

(ξ̃ijk − ξijk)bjk0zil =

∫

(
n

∑

i=1

xijzil){

sn
∑

k=1

(φ̂jk − φjk)bjk0},

substitute the expression forφ̂jk(t) − φjk(t) into the above equation, we immediately getϑ
(4)
jl =

ϑ
(5)
jl + ϑ

(6)
jl + ϑ

(7)
jl + ϑ

(8)
jl .

Forϑ(5)
jl , it is obvious that

(ϑ
(5)
jl )2 ≤ ‖

sn
∑

k=1

(φ̂jk − φjk)bjk0‖
2‖

n
∑

i=1

(xijzil − Ξjl)‖
2,

where

E‖
n

∑

i=1

(xijzil − Ξjl)‖
2 =

∫

E[{
n

∑

i=1

(xijzil − Ξjl)}
2] = n

∫

var(xijzil)

≤ n

∫

{E(x4
ij)E(z4

il)}
1/2 = O(n),

and

‖

sn
∑

k=1

(φ̂jk − φjk)bjk0‖ ≤

sn
∑

k=1

|bjk0|‖φ̂jk − φjk‖ = Op

(

sn
∑

k=1

k−bkn−1/2
)

= Op(n
−1/2),
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thus(ϑ
(5)
jl )2 = Op(1) = op(n), and it follows thatϑ(5)

jl = op(n
1/2) uniformly for l = 1, . . . , pn. 200

Forϑ(6)
jl , we have

(ϑ
(6)
jl )2 ≤ n2

∫

(Exijzil)
2‖

sn
∑

k=1

bjk0αjk‖
2 ≤ n2

∫

{E(x4
ij)E(z4

il)}
1/2(

sn
∑

k=1

|bjk0|‖αjk‖)
2

= n2Op{(

sn
∑

k=1

k−bka+2n−1)2} = op(n),

henceϑ(6)
jl = op(n

1/2) uniformly for l = 1, . . . , pn.

From the proof of lemma 1, it is easy to see that<j −<∗
j = n1/2(K̂j − K̃j) = op(1), which

follows thatϑ(7)
jl = op(n

1/2), uniformly for l = 1, . . . , pn.

Proof of Lemma 3. First, it is obvious that|λmin(Ň
T

1 Ň1/n) − λmin(U1)| ≤ ||ŇT

1 Ň1/n− U1||1, 205

where||.||1 is theL1 norm for matrix. Since

||ŇT

1 Ň1/n− U1||1 ≤ Op(

sn
∑

k1=1

|θj1j2
k1sn

(4)
| +

qn
∑

l=1

|θ
(7)
j1snl| +

sn
∑

k1=1

|θ
(7)
j1k1qn

| +

qn
∑

l1=1

|θ
(8)
l1qn

|)

= Op

{

sn
∑

k1=1

(k
a/2+1
1 n−1/2 + sa/2+1

n n−1/2) +

qn
∑

l=1

(sa/2+1
n n−1/2)

+

sn
∑

k1=1

(k
a/2+1
1 n−1/2) +

qn
∑

l1=1

n−1/2
}

= Op(s
a/2+2
n n−1/2 + qns

a/2+1
n n−1/2),

by Lemma 2 (a), hence we have|λmin(Ň
T

1 Ň1/n) − λmin(U1)| = Op(s
a/2+2
n n−1/2 +

qns
a/2+1
n n−1/2). Under conditions (A3) and (A5), it is obvious that|λmin(Ň

T

1 Ň1/n) −
λmin(U1)| = op(1). Similarly |λmax(Ň

T

1 Ň1/n) − λmax(U1)| ≤ ||ŇT

1 Ň1/n− U1||1 = op(1),
and we skip the details here. 210

Proof of Lemma 4. By Lemma 3 and (B5), we know thaťNT

1 Ň1 is invertible, hencePŇ1
exists.

ForΛ1, we have

Λ1 = PŇ1
(YM − Ň1η̃10) = PŇ1

{YM − Ñ1η̃10 − ν + ν + (Ñ1 − Ň1)η̃10}

= PŇ1
{ε+ ν + (Ñ1 − Ň1)η̃10},

where ε = YM − Ñ1η̃10 − ν = (ε1, ..., εn)T, ν = (ν1, ..., νn)T with νi =
∑g

j=1

∑∞
k=sn+1 ξijkbjk0.

ForPŇ1
ε, we have 215

E‖PŇ1
ε‖2 = E(εTPŇ1

ε) = E{E(εTPŇ1
ε | ε)} = E[tr{PŇ1

E(εεT)}]

= σ2tr(PŇ1
) = σ2(qn + gsn) = O(qn + sn),

hence‖PŇ1
ε‖2 = Op(qn + sn).
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ForPŇ1
(Ñ1 − Ň1)η̃10, we have

‖PŇ1
(Ñ1 − Ň1)η̃10‖

2 ≤ ‖(Ñ1 − Ň1)η̃10‖
2 ≤ O

[

n
∑

i=1

{

g
∑

j=1

sn
∑

k=1

(ξ̂ijk − ξijk)bjk0}
2
]

≤ O
[

2g
n

∑

i=1

g
∑

j=1

{

sn
∑

k=1

(ξ̃ijk − ξijk)bjk0}
2 + 2g

n
∑

i=1

g
∑

j=1

{

sn
∑

k=1

(ξ̂ijk − ξ̃ijk)bjk0}
2
]

≤ O
[

g
∑

j=1

n
∑

i=1

‖xij‖
2Op

(

(

sn
∑

k=1

k−bkn−1/2)2
])

+Op

[

g
∑

j=1

n
∑

i=1

{‖x̂ij − xij‖
2(

sn
∑

k=1

k−b)2}
]

= Op(1),

sinceb > 2 implies that
∑g

j=1

∑n
i=1 ||xij ||

2Op

{

(
∑sn

k=1 k
−bkn−1/2)2

}

= Op(1), and Lemma 1

entails that
∑g

j=1

∑n
i=1{‖x̂ij − xij‖

2(
∑sn

k=1 k
−b)2} = Op(1). It then follows that‖PŇ1

(Ñ1 −

Ň1)η̃10‖
2 = Op(1).220

ForPŇ1
ν, it is obvious that‖PŇ1

ν‖2 ≤ ‖ν‖2. For i = 1, . . . , n, we have

E(ν2
i ) = O

{

g
∑

j=1

var(
∞

∑

k=sn+1

ξijkbjk0)
}

= O
(

g
∑

j=1

∞
∑

k=sn+1

b2jk0wjk

)

= O
(

g
∑

j=1

∞
∑

k=sn+1

k−2bk−1
)

= O(s−2b
n ).

It follows that‖PŇ1
ν‖2 = Op(ns

−2b
n ). In summary,

‖Λ1‖
2
2 ≤ O(‖PŇ1

ε‖2 + ‖PŇ1
(Ñ1 − Ň1)η̃10‖

2 + ‖PŇ1
ν‖2)

= Op(qn + sn + 1 + ns−2b
n ) = Op(qn + sn) = Op(r

2
n),

wherer2n = qn + sn. This completes the proof.

5. Proofs of Main Theorems

Proof of Theorem 1.First, we constrainQn(η̃) on the subspace, where the true zero parameters225

are set as 0, that is{η̃ ∈ Rdsn+pn : b̃
(1)
j = 0, k = g + 1, . . . , d, γ(2) = 0}, and prove consistency

in the(gsn + qn)-dimensional space. Define the constrained penalized function

Q̄n(η̃1) =
n

∑

i=1

{yi −

g
∑

j=1

sn
∑

k=1

(ξ̂ijkw
−1/2
jk )b̃jk − zi

(1)Tγ(1)}2 + 2n

qn
∑

l=1

Jλn
(|γl|)

+2n

g
∑

j=1

Jλjn

(

‖b
(1)
j ‖

)

,

where η̃1 = (b̃
(1)T
1 , ..., b̃

(1)T
g , γ(1)T)T and z(1)

i = (zi1, ..., ziqn
)T. We now show there exists a

local minimizer η̌1 such that‖η̌1 − η̃10‖ = Op(rnn
−1/2) with rn = (qn + rn)1/2. Let αn =

rnn
−1/2, we aim to show that for anyε > 0, there exists a large constantC such that230

pr{inf ||u||=C Q̄n(η̃10 + αnu) > Q̄n(η̃10)} ≥ 1 − ε for largen, which implies that there exists
a local minimizerη̌1 of Q̄n(η̃1) such that‖η̌1 − η̃10‖ = Op(αn). Here,u = (u(1)T, uγT)T with
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u(1) = (u
(1)T
1 , . . . , u

(1)T
g )T anduγ = (uγ

1 , . . . , u
γ
qn)T. We have

Q̄n(η̃10 + αnu) − Q̄n(η̃10)

≥ ‖Ň1αnu‖
2 − 2ΛT

1 Ň1αnu+ 2n[

qn
∑

l=1

{Jλn
(|γl0 + αnu

γ
l |) − Jλn

(|γl0|)}

+

g
∑

j=1

{Jλjn

(

‖b
(1)
j0 + αnA

−1
j u

(1)
j ‖

)

− Jλjn

(

‖b
(1)
j0 ‖

)

}]

≥ nλmin(Ň
T

1 Ň1/n)α2
n‖u‖

2 − 2n1/2‖Λ1‖2λ
1/2
max(Ň

T

1 Ň1/n)αn‖u‖

+2n[

qn
∑

l=1

{J ′
λn

(|γl0|) sgn(γl0)αnu
γ
l + J ′′

λn
(|γl0|)α

2
n(uγ

l )2(1 + o(1))}

+

g
∑

j=1

{J ′
λjn

(‖b
(1)
j0 ‖)αn‖A

−1
j u

(1)
j ‖ + J ′′

λjn
(‖b

(1)
j0 ‖)α

2
n‖A

−1
j u

(1)
j ‖2(1 + o(1))}].

The Taylor expansion in the second inequality holds becauseαnw
−1/2
jsn

≤ rns
a/2
n n−1/2 = o(1)

by condition (A5). As for the smoothly clipped absolute deviation penalty, we haveJ ′
λn

(|γl0|) = 235

J ′′
λn

(|γl0|) = 0 for all l = 1, . . . , qn under condition (A7), andJ ′
λjn

(‖b
(1)
j0 ‖) = J ′′

λjn
(‖b

(1)
j0 ‖) = 0

for all j = 1, . . . , g since‖b(1)j0 ‖ ≥ C1 for some constantC1. Thus, we can see that

Q̄n(η̃10 + αnu) − Q̄n(η̃10)

≥ nλmin(Ň
T

1 Ň1/n)α2
n‖u‖

2
2 − 2n1/2‖Λ1‖2λ

1/2
max(Ň

T

1 Ň1/n)αn‖u‖2

≥ c3nα
2
n‖u‖

2 − c4n
1/2rnαn‖u‖ = c3r

2
n‖u‖

2 − c4r
2
n‖u‖,

wherec3, c4 are some positive constants, and the second inequality is by Lemma 3 and (B5).
WhenC is large enough, we havēQn(η̃10 + αnu) − Q̄n(η̃10) > 0, which implies that there
exists a local minimizeřη1 of Q̄n(η̃1) such that‖η̌1 − η̃10‖ = Op(αn). 240

Next, we denote η̌ = (b̌
(1)T
1 , ..., b̌

(1)T
g , 0T, ..., 0T, γ̂(1)T, 0T)T, where η̌1 =

(b̌
(1)T
1 , ..., b̌

(1)T
g , γ̂(1)T)T, and our second goal is to show thatη̌ is a local minimizer ofQn(η̃)

over the whole spaceRdsn+pn . DenoteSl(η̃) = ∂{(2n)−1||YM − M̂b(1) − ZMγ||
2}/∂γl and

S∗
j (η̃) = ∂{(2n)−1||YM − M̂b(1) − ZMγ||

2}/∂b
(1)
j . By Karush-Kuhn-Tucker condition, it

suffices to show that̃η satisfying the following conditions, 245

Sl(η̃) = 0, and , |γl| ≥ aλn for l = 1, . . . , qn,

|Sl(η̃)| ≤ λn, and , |γl| < λn for l = qn + 1, . . . , pn,

S∗
j (η̃) = 0, and , ‖b

(1)
j ‖ ≥ aλjn for j = 1, . . . , g,

‖S∗
j (η̃)‖ ≤ λjn, and , ‖b

(1)
j ‖ < λjn for j = g + 1, . . . , d,

so that η̃ is a local minimizer ofQn(η̃). When l = 1, . . . , qn, since minl=1,...,qn
|γ̂l| ≥

minl=1,...,qn
|γl0| − ‖γ̂(1) − γ

(1)
0 ‖ and ‖γ̂(1) − γ

(1)
0 ‖ = op(λn), hence under (A7), we have

minl=1,...,qn
|γ̂l|/λn → ∞ in probability. It follows that

pr(|γ̂l| ≥ aλn for l = 1, . . . , qn) → 1. (2)
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When j = 1, . . . , g, since ‖b̂
(1)
j ‖ ≥ ‖b

(1)
j0 ‖ − ‖b̂

(1)
j − b

(1)
j0 ‖, ‖b̂

(1)
j − b

(1)
j0 ‖ = op(s

a/2
n αn) =

op(1) and minj=1,...,g ‖b
(1)
j0 ‖ > C1 for some positive constantC1, hence, we have250

minj=1,...,g ‖b̂
(1)
j ‖/λn → ∞ in probability. It follows that

pr(‖b̂
(1)
j ‖ ≥ aλjn for j = 1, . . . , g) → 1. (3)

Whenl = 1, . . . , qn andj = 1, . . . , g, Sl(η̌) = 0 andS∗
j (η̌) = 0 hold trivially since (2), (3) hold

andη̌1 is a local minimizer ofQ̄n(η̃1).
Next, we show thaťη satisfy

|Sl(η̃)| ≤ λn, and , |γl| < λn for l = qn + 1, . . . , pn

and255

||S∗
j (η̃)|| ≤ λjn, and , ||b

(1)
j || < λjn for j = g + 1, . . . , d.

Sinceγ̂l = 0 for l = qn + 1, . . . , pn andb̂(1)j = 0 for j = g + 1, . . . , d, it suffices to show that

pr(|Sl(η̌)| > λn for some l = qn + 1, . . . , pn) → 0, (4)

and

pr(||S∗
j (η̌)|| > λjn for some j = g + 1, . . . , d) → 0. (5)

Denotedn = (Sqn+1(η̌), ..., Spn
(η̌))T = −n−1{Z

(2)
M }T(YM − Ň1η̌1), where

YM − Ň1η̌1 = ε+ ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 − η̌1),

andν = (ν1, ..., νn)T with νi =
∑g

j=1

∑∞
k=sn+1 ξijkbjk0. From the proof of Lemma 4 and pre-

vious derivations, we have

‖ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 − η̌1)‖
2 = Op(r

2
n) = op(nλ

2
n).

Moreover, we havemaxl=qn+1,...,pn

∑n
i=1 z

2
il = Op(n) by (B5). Thus

‖n−1{Z
(2)
M }T(ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 − η̌1))‖∞

≤ n−1
(

max
l=qn+1,...,pn

n
∑

i=1

z2
il

)1/2
‖ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 − η̌1)‖ = op(λn).

Next, we denoten−1/2{Z
(2)
M }Tε = (δqn+1, ..., δpn

)T with δl = n−1/2
∑n

i=1 zilεi for l = qn +
1, . . . , pn. As {εi, i = 1, . . . , n} and{zil, i = 1, . . . , n} are subGaussian random variables and
independent of each other, combined with (B5),{δl, l = 1, . . . , pn} are subexponential random
variables satisfying that, for any constantC > 0, there exists positive constantsC1 andC2 that
do not depend onl,

pr(|δl| > Cn1/2λn) ≤ C2 exp(−2−1C1n
1/2λn),

and it follows that

pr(‖n−1/2{Z
(2)
M }Tε‖∞ > Cn1/2λn) ≤

pn
∑

l=qn+1

pr(|δl| > Cn1/2λn)

≤ O{pn exp(−2−1C1n
1/2λn)} = O{exp(nα − 2−1C1n

1/2λn)} = o(1),
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provided that (A6) and (A7) hold. Hence, it is obvious that‖n−1{Z
(2)
M }Tε‖∞ = op(λn). In con- 260

clusion, we have‖dn‖∞ ≤ ‖n−1{Z
(2)
M }Tε‖∞ + ‖n−1{Z

(2)
M }T{ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 −

η̌1)}‖∞ = op(λn) and this implies that (4) holds.
Next, we start to show (5). Forj = g + 1, . . . , d, we haveS∗

j (η̌) = −n−1M̂T

j (YM − Ň1η̌1) =

(Sj1, ..., Sjsn
)T such that

∑sn

k=1 S
2
jk is bounded by

2

sn
∑

k=1

(

n−1
n

∑

i=1

ξ̂ijkεi
)2

+ 2n−2
sn
∑

k=1

n
∑

i=1

ξ̂2ijk‖ν + (Ñ1 − Ň1)η̃10 + Ň1(η̃10 − η̌1)‖
2.

For
∑sn

k=1

(

n−1
∑n

i=1 ξ̂ijkεi
)2

, we have

E{

sn
∑

k=1

(

n−1
n

∑

i=1

ξ̂ijkεi
)2
} = n−2

sn
∑

k=1

n
∑

i=1

σ2E(ξ̂2ijk) ≤ n−2
sn
∑

k=1

n
∑

i=1

σ2E(‖x̂ij‖
2) = O(snn

−1).

It is easy to see that
∑sn

k=1

∑n
i=1 ξ̂

2
ijk = Op(n

∑sn

k=1wjk) = Op(n). Thus

sn
∑

k=1

S2
jk = Op(snn

−1) + n−2Op(n)Op(r
2
n) = Op{(qn + sn)n−1},

and it follows that

‖S∗
j (η̌)‖2 =

sn
∑

k=1

S2
jk = Op{n

−1(qn + sn)} = op(λ
2
n),

under (A7), which entails (5) immediately. Hence, we conclude thatη̌ is a local minimizer 265

of Qn(η̃) such that||γ̂ − γ0|| = Op(rnn
−1/2), ||b̌(1) − b̃

(1)
0 || = Op(rnn

−1/2), ||b̂(1) − b
(1)
0 || =

Op(rns
a/2
n n−1/2), andpr(b̂(1)j = 0, j = g + 1, . . . , d, γ̂2 = 0) → 1. This completes the proof.
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Proof of Theorem 2.For convenience, define the following,

Ln(η̃) =
n

∑

i=1

(

yi −
d

∑

j=1

∞
∑

k=1

ξijkbjk − zT

i γ
)2
,

T1n(η̃) = −

n
∑

i=1

(

d
∑

j=1

∞
∑

k=sn+1

ξijkbjk

)2
+ 2

n
∑

i=1

(

yi −

d
∑

j=1

sn
∑

k=1

ξijkbjk − zT

i γ
)

(

d
∑

j=1

∞
∑

k=sn+1

ξijkbjk

)

,

T2n(η̃) = −2
n

∑

i=1

(

yi −
d

∑

j=1

sn
∑

k=1

ξijkbjk − zT

i γ
){

d
∑

j=1

sn
∑

k=1

(ξ̂ijk − ξijk)bjk

}

,

T3n(η̃) =

n
∑

i=1

{

d
∑

j=1

sn
∑

k=1

(ξ̂ijk − ξijk)bjk

}2
,

T4n(η̃) = 2n{

pn
∑

l=1

Jλn
(|γl|) +

d
∑

j=1

Jλjn

(

‖b
(1)
j ‖

)

},

Pn(η̃) = Ln(η̃) + T1n(η̃) =
n

∑

i=1

(

yi −
d

∑

j=1

sn
∑

k=1

ξijkbjk − zT

i γ
)2
.

Then we haveQn(η̃) = Ln(η̃) + T1n(η̃) + T2n(η̃) + T3n(η̃) + T4n(η̃), and denote∇Qn(η̃) =
∂Qn(η̃)/∂γ(1) = (∂Qn(η̃)/∂γ1, ..., ∂Qn(η̃)/∂γqn

)T and∇2Qn(η̃) = ∂2Qn(η̃)/(∂γ(1)∂γ(1)T).270

Recall thaťη is a local minimizer ofQn(η̃), hence, we have∇Qn(η̌) = ∇Ln(η̌) + ∇T1n(η̌) +
∇T2n(η̌) + ∇T3n(η̌) + ∇T4n(η̌) = 0.

It is obvious that∇T3n(η̌) = 0 becauseT3n(η̃) doesn’t depend onγ(1). Moreover, by prop-
erties ofη̌ derived before and (A7), we have that uniformly forl = 1, . . . , qn, ∂T4n(η̌)/∂γl =
2nJ ′

λn
(|γ̂l|)sgn(γ̂l) = 0 with probability tending to one, thus∇T4n(η̌) = 0. For ∇Pn(η̌), by275

Taylor expansion we have,

∇Pn(η̌) = ∇Pn(η̃0) + ∇2Pn(η̃0)(γ̂
(1) − γ

(1)
0 )

= ∇Ln(η̃0) + ∇T1n(η̃0) + ∇2Ln(η̃0)(γ̂
(1) − γ

(1)
0 )

= (−2
n

∑

i=1

εiz
(1)
i ) + (−2

d
∑

j=1

ϑj
(1)) + 2

n
∑

i=1

z
(1)
i z

(1)
i

T

(γ̂(1) − γ
(1)
0 )

= (−2
n

∑

i=1

εiz
(1)
i ) + 2

n
∑

i=1

z
(1)
i z

(1)
i

T

(γ̂(1) − γ
(1)
0 ) + op(n

1/2)1qn
,
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where the last equality is by Lemma 2 (b), and1qn
is the vector of ones with dimensionqn. For

∇T2n(η̌),

∇T2n(η̌) = 2
d

∑

j=1

(ϑj
(2) + ϑj

(3) + ϑj
(4))

= 2
d

∑

j=1

(ϑj
(2) + ϑj

(3) + ϑj
(5) + ϑj

(6) + ϑj
(7) + ϑj

(8))

= op(n
1/2)1qn

+ 2

d
∑

j=1

ϑj
(8),

where the last two equalities are by Lemma 2 (b). Notice thatϑj
(8) = 0 for j = g + 1, . . . , d,

∇Qn(η̌) = ∇Ln(η̌) + ∇T1n(η̌) + ∇T2n(η̌) + ∇T3n(η̌) + ∇T4n(η̌)

= op(n
1/2)1qn

+ 2

g
∑

j=1

ϑj
(8) + (−2

n
∑

i=1

εiz
(1)
i )

+2
n

∑

i=1

z
(1)
i z

(1)
i

T

(γ̂(1) − γ
(1)
0 ) = 0,

and it follows that 280

n−1/2
n

∑

i=1

z
(1)
i z

(1)
i

T

(γ̂(1) − γ
(1)
0 ) = n−1/2

n
∑

i=1

εiz
(1)
i − n−1/2

g
∑

j=1

ϑj
(8) + op(1)1qn

=
n

∑

i=1

Win + op(1)1qn
,

with Win = n−1/2εiz
(1)
i − n−1/2

∑g
j=1

∑sn

k=1

∑

v 6=k bjk0(wjk − wjv)
−1〈Ξj , φjv〉

∫

(xij ⊗

xij −Kj)φjkφjv. It is obvious that {Win, i = 1, . . . , n} are independently and iden-
tically distributed. with zero mean and cov(Win) = n−1(σ2Σ1 +Bn). It satisfies

to show that V −1/2
n An

∑n
i=1Win converges to N(0r, Ir) in distribution, where

Vn = An(σ2Σ1 +Bn)AT

n→V ∗ = σ2H∗ +B∗, and V ∗ is positive definite. We start to 285

show this by Linderberg Feller theorem.
First, we denoteΠin = V

−1/2
n AnWin, and it is trivial that{Πin, i = 1, . . . , n} are indepen-

dently and identically distributed centered random vectors with cov(
∑n

i=1 Πin) = Ir. Second,
for anyζ > 0, we have

n
∑

i=1

E
[

‖Πin‖
2
21qn

{‖Πin‖ > ζ}
]

≤ nE(‖Π1n‖
4)1/2{pr(‖Π1n‖ > ζ)}1/2,

where 290

‖Π1n‖
2 = ΠT

1nΠ1n = WT

1nA
T

nV
−1
n AnW1n ≤ λmax(A

T

nV
−1
n An)‖W1n‖

2

≤ λmax(V
−1
n )λmax(A

T

nAn)‖W1n‖
2 = O(1)‖W1n‖

2.
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It follows thatE
(

‖Π1n‖
4
)

= O(1)E
(

‖W1n‖
4
)

= O(1)q2n/n
2. Moreover,

pr(‖Π1n‖ > ζ) = pr(‖V −1/2
n AnW1n‖ > ζ) ≤ E(‖V −1/2

n AnW1n‖
2)/ζ2

≤ λmax(A
T

nV
−1
n An)E(‖W1n‖

2)/ζ2

= O(1)E(‖W1n‖
2) = O(1)qn/n.

By previous derivations and assumptions, we know
n

∑

i=1

E
[

‖Πin‖
21qn

{‖Πin‖ > ζ}
]

= nO(qn/n)O(qnn
−1/2)

= O(q3/2
n n−1/2) = o(1),

sinceqn = o(n1/3). By Linderberg Feller theorem, we conclude thatV
−1/2
n An

∑n
i=1Win con-

verges toN(0r, Ir) in distribution, which completes the proof.
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