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1. ADDITIONAL SIMULATION RESULTS

We present additional simulation results based on 200 Monte Carlo ruparticular, De- s
sign Il illustrates the situation that the response does not necessarindiem the leading
principal components and the regression coefficients may decay moily ghaw theoretically
required. Specifically, we usg; = 0, bjo = 1, bjz = 0-5, bjr, = (k — 2)73 for k = 4,...,50,

j = 1,2, and other settings are the same as Design |. The results agrigbw a similar pat-

tern, while the automatesBic captures the regression relationship adaptively and resembles.the
optimal estimation and prediction. The refitting step using least squares with jaintys,, ;
behaves similarly as in Design |. Designs IV contains ultra-high numbersatdrscovariates

v = (15, 0g95)" with p, = 1000, and other settings the same as Design Il. The results exhibit
similar phenomenon as those in Design Il. Moreover, Table 2 includesshitg@btained from

the same settings as Design -1V except for a larger sample:sizd00. For Table 3, the only s
setting difference is that the regression er;ds generated fronV (0, 2) instead ofN (0, 1). As
expected, a larger sample size reduced the estimation and predictionwhitesa higher noise

level increased such errors.

2. REGULARITY CONDITIONS

Without loss of generality, we assume thaX;,j =1,...,d}, Y and Z have been cen-
tred to have mean zero. WitW;;; = x;;(t;j;) + €;;1, for definiteness, we consider the lo-
cal linear smoother for each set of subjects using bandwiflths j = 1,...,d}, and de-
note the smoothed trajectories by;. Denote the minimum and maximum eigenvalues
of a symmetric matrixA by Anin(A) and Anax(A). Recall that the firstg functional
predictors are significant, while the rest are not. Define the, + ¢,) x 1 vector N=
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Design 5n FZ; FN; MSE; FZ, FN, MSE, PE
1 20 0 25 (0) 15 11  42(015)  260(01)

2 070 0  17(006) 002 12 049(0028) 39 (01)

3 0O 0 0076(0004) O 038 0069 (0004) 021 (0009)

4 0O 0 0069(0003) O 038 0065(0004) 013 (0005)

5 0 0 011(0005) O 040 0067 (0004) 014 (0005)

i 6 0O 0 015(0006) O 041 0068(0004) 015 (0005)

Pn =20 10 0 001 060(002) 0 037 0071(0004) 019 (0006)

16 | 017 021  34(01) 0 005 0-089(0007) 065 (005)
§,=3.73 (0048)
0O 0 0072(0004) O 038 0066(0004) 014 (0005)
$,1=3-99 (0083), $,,=398 (0079)

TUNE Sy,
0O 0 0056(0003) O 032 0063(0004) 013 (0005)
$,=3-50 (0040)
stepl | O 009 010(0003) O 65 041(002) 081(0021)
v sTEP2 | O 0 0059(0003) O 013 0048(0003) 013 (0005)

P = 1000 $,1=4-05 (0067), 3,2 =4-11 (0065)
TUNEs,; | O O 0042(0002) O 009 0045(0003) 011 (0004)

Table 1: Simulation results with sample size= 200 based on 200 Monte Carlo replicates for
Designs Il and IV. Shown are the Monte Carlo averages (standandsen parentheses) for
the number of false zero functional predictors ¢f4Zhe number of the false nonzero functional
predictors (FN), the functional mean squared error (M§Ethe number of false zero scalar
covariates (F2), the number of false nonzero scalar covariates,jfFthe scalar mean squared
error (MSE), and the prediction error (PE). We first ussic to choose the tuning parameter
An, @and a common truncatios),, then tunes,,; jointly with aic by refitting the selected model
using ordinary least squares. In Design 1V, Step 1 results are badbd original sample in each
Monte Carlo run, while Step 2 contains the improved results by fitting the pedalizeedure
to the selected model in Step 1 with an additional sampte -6f200.

—1/2 —1/2 —1/2 —1/2 .
(§Hw11/ ,...,glsnwm/ ,...,gglwgl/ ,...,ggsnwgsn/ 21, ... Zg,)" to combine all func-

tional and scalar predictors.

Condition (B1) consists of regularity assumptions for functional dataxXample, a Gaussian
process with l8lder continuous sample paths satisfies (B1), see Hall & Hosseini-N26apB)(

« Condition (B2) is standard for local linear smoothers, (B3)—(B4) cont®w the functional
predictors are sampled and smoothed, while (B5) is for the moments of natiginial covariates
Z=(Z1,...,Zy)".

(B1) Forj =1,...,d, foranyC > 0 there exists aa > 0 such that

sup[E{|X;(1)|“}] < oo, sup (E[{]s — ¢~ X;(s) — X;(1)[}]) < oo
teT s,teT

For each integer > 1, w;" E( ?};) is bounded uniformly irk.

£B2) Forj=1,...,d, X; is twice continuously differentiable o’ with probability 1, and

i E{XJ@) (t)}4dt < oo, whereX]@)(-) denotes the second derivativef ().

The following condition concerns the design on which is observed and the local linear
smoothet;;. When a function is said to be smooth, we mean that it is continuously differntiab
to an adequate order.

B3) Forj =1,...,d,{t;y,l =1,...,m;;} are considered deterministic and ordered increasingly
J J
fori =1,...,n. There exist densitieg; uniformly smooth ovet, satisfyinng gij(t)dt =1



Partially Functional Linear Regression in High Dimensions

Design Sn FZ; FN; MSE; FZ, FN, MSE, PE
1 090 0  41(004) 015 51  23(008) 258 (02)
2 0 0 13(0009) O 14 034(001)  46(004)
3 0O 0 058(0008) O 023 011(0004) 15 (002)
4 0 0 0063(0002) O 023 0027(0002) 013 (0004)
5 0 0 0071(0003) O 027 0028(0002) 012 (0004)
[ 6 0 0 0095(0003) O 024 0028(0002) 012 (0004)
P =20 10 0 0 032(001) 0 031 0029(0002) 013 (0004)
16 0 0 12(004) 0 010 0026(0002) 015 (0004)
ABIC $,=4-22 (0047)
0 0 0067(0003) O 023 0027(0002) 013 (0004)
TUNE $p; $,1=4-67 (0058), $,,=4-68 (0061)
0 0 0049(0002) O 020 0026(0002) 012 (0004)
$,=4-10 (0027)
stepl | O 0 011(0004) O 46 013(0007) 051 (001)
[ sTEP2 | O 0 0052(0002) O 007 0025(0001) 011 (0004)
P = 1000 $,1=4-72 (0056), $,2=4-60 (0053)
TUNEs,; | O 0 0041(0001) O 006 0025(0001) 011 (0004)
1 20 0 25 (0) 10 043  27(01) 252 (0:09)
2 010 0 072(004) 0 043 019(001)  28(006)
3 0 0 0059(0002) O 025 0032(0002) 016 (0006)
4 0O 0 0033(0001) O 023 0026(0001) 0073 (0004)
5 0 0 0048(0002) O 026 0027(0002) 0075 (0004)
Il 6 0 0 0072(0003) O 025 0027(0002) 0078 (0004)
P =20 10 0O 0 028(001) O 025 0028(0002) 0099 (0004)
16 0 003 12(004) 0 002 0024(0001) 013 (0004)
BIC $,=3.91 (0036)
0O 0 0034(0002) O 023 0026(0001) 0075 (0004)
TUNE 8n; $,1=4-37 (0064), §,,=4-38 (0066)
0 0 0026(0001) O 022 0026(001) 0070 (0004)
$,=3.81 (0043)
stepl | O 001 0047 (0001) O 38 017 (0009) 035 (0008)
\Y sTEP2 | O 0 0031(0002) O 008 0024(0001) 0073 (0004)
P = 1000 $,1=4-28 (0061), $,2=4-37 (0067)
TUNEs,; | O O 0023(0001) O 007 0024 (0001) 0058 (0004)

Table 2: Simulation results using the same settings as Design | & Il in Section & pager and
Deisgn Il & IV as above, based on 200 Monte Carlo replicates, exbegample size = 400.

and0 < ¢ < infi{inf,crg;;(t)} < sup{supcrgj(t)} < ca < oo that generate;;; accord-
ing to bet;; = Gi‘jl{l/(mij + 1)}, whereGi‘j1 is the inverse oiG;(t) = jfoo gij(s) ds.
Foreachj = 1,...,d, there exist a common sequence of bandwidthsuch thal < ¢; <
inf;hij/h; < suphij/h; < ca < oo, whereh,; is the bandwidth forz;;. The kernel density s
function is smooth and compactly supported.

Let T = [a(), bo], tijO = aop, tij7mij+l = by, let AZ’]’ = Sup{tij,l—i-l — tijJ,l =0,... ,mij} and

mj = mj(n) = inf;—1 __, m;;. The condition below is to let the smooth estimatg serve as

well as the truer;; in the asymptotic analysis, denotifg< lim a,, /b, < oo by a,, ~ by,.

(B4) Forj=1,....d,sup; Ay = O(m;"), hj ~ m7/° ~5/4

j ,mjn — OQ. 60

The condition for the scalar covariates is given below.

(BS) {Z,l=1,...,p,} are subGaussian random variables such that|Z;| >1t) <
exp(—2~1Ct?) for anyt > 0 and some&” > 0 that does not depend 8,4 (X) < ¢ < <
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Design Sn FZ; FN; MSE; FZ, FN, MSE, PE
1 094 0 41(003) o041 73 4.9 (02) 280 (06)
2 056 0 28 (01) 008 33 1.4 (0-07) 99 (03)
3 001 0 063(002) O 17 038(003)  17(007)
4 0 0 017(0007) 0O 058 015(0009) 031 (001)
5 0 0 023 (01) 0 058 015(0009) 030 (001)
[ 6 0 0 033(001) O 063 015(0009) 032 (001)
pn = 20 10 001 001 1.3(005) 0 049 015(0009) 044 (005)
16 031 018 7.7 (0-3) 008 020 036 (003) 36 (0-3)
ABIC 5,=4-12 (0026)
0 0 018(0009) O 056 015(0009) 030 (001)
TUNE $p; $,1=4-59 (0069), §,2=4-61 (0060)
0 0 014(0006) 0O 048 014(0008) 028 (001)
5,=4-04 (0021)
STEP 1 0 004 029(0008) 0 73 055(003) 19(007)
I STEP 2 0 0 015(0008) O 016 0096 (0005) 026 (002)
pn = 1000 3,1=4-53 (0056), 5,9=4-46 (0050)
TUNE S5 | O 0 012(0006) O 015 0095 (0005) 024 (0008)
1 20 0 25 (0) 15 12  43(015) 261 (01)
2 033 0 11(006) 002 069 043 (003) 33(01)
3 0 0 010(0005) 0O 039 013(0008) 029 (001)
4 0 0O 012(0006) O 039 013(0008) 022(001)
5 0 0 020(0009) O 041 013(0008) 024 (001)
1] 6 0 0 029(001) O 041 014(0008) 026 (001)
pn = 20 10 003 007 14 (006) 0 017 012(0007) 041 (003)
16 002 13 11.8(04) 002 039 018(002)  1.0(003)
ABIC 3,=3.76 (0065)
0 0 015 (002) 0 036 013(0008) 024 (001)
TUNE sy, 8,1=376 (0064), 5,,=3-79 (0066)
0 0 0070(0004) O 029 012(0007) 020 (001)
5,=3-33 (0040)
STEP 1 0O 006 018(0006) O 64 063(003) 1.5 (0-04)
v STEP 2 0 0 0091 (0005) 0 012 0099 (0005) 023 (0009)
pr = 1000 $,1=396 (0060), §,,2,=3-73 (0048)
TUNE 8,,; | O 0 0065(0003) O 010 0095 (0005) 018 (0009)

Table 3: Simulation results using the same settings as Design | & Il in Section 4 p&tber
and Deisgn Il & IV as above, based on 200 Monte Carlo replicate®mxbe variance of the

regression erras? = 2.

and 0 < ¢z < Apin(U1) < Amax(U1) < c3 < oo for all n, where ¥ = FE(ZZ") and
s U =E(NNT).

3. AUXILIARY LEMMAS

Foreachj = 1,.. ., d, given the estimated covariandg$(s, t) = n~' 37| #;(s)#4 (1), the
eigenvalues/functions and functional principal component scoresstinreated by

/Kj(sat)ﬁgjk(s)ds = \jrojn(t), Eijk = / &4 () i (t)dt, (1)
T T

subject to [ ¢% (t)dt =1 and [ djr, (t)jk, (t)dt =0 for ky #ky. Denote AZ =
o 1K) = KGll12 = [y Jp{Kj(s,t) — Kj(s,t)dsdt,  Rj(s,t) = n'/?{Kj(s, 1) — K;(s,1)},
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(wij @ 45)(s,t) = z45(s)xi5(t), the second derivative of;; by xﬁz), the minimum and
maximum eigenvalues of a symmetric mateix by A\, (A) and /\maX(A). Let then x p,
matrix Zy = (z1,...,2n)" = (ZJ(\}),Z](\?) with Z](\}) containing the firstg, columns of
Zy. Define M; as then x s, matrix with (i, k)th elementé;;,, and M = (M, ..., My),
MO = (M, ..., M,)andM?) = (M4, ..., My). Similarly, we defineVz;, M™) andM ),
whereg; ;. is replaced b)fwkw k/ Moreover, we denotM as then x s, matrlx with (i, k)th
element,;y,, and M = (Mj, ..., My), MY = (M, ..., M,) and M® = (Mg, ..., My).

Similarly, we defineM;, M) and M®), where ¢, is replaced bygwkw /2 Combin-

ing the functional and scalar covariates, we haVe = (MM, Z\)) = (~V,,..., N,),
where {N; = (Ni1, ..., Nigsn+q,)" i =1,...,n} are independently and identically dis-«

tributed asN. We further denoteV, = (M@, 21y = (Vy,..., N,)", NO = (A1), z()),
N = (a®, 1)), and let E(N;NJ') = Uy. Recall thatb()) denotes the estimate of!),
i = (bMT,4™)T, and we further denotl?eg.l) the estimate 055.1). Supposex(-), A(-) andG(-,-)
are square integrable functions ®handT x T'. Write |||, [ af (or {(a, 8)) and [ Gag for
{[p2@®)dt} /2, [La(t)B@)dt and [ [, G(s,t)a(s)B(t)dsdt. o
Lemma 1 provides results for the estimates obtained by functional principgdaent anal-
ysis. We first quantify the smoothing error ©f; and its influence carried over to the covari-
ance and functional principal component estimates, — &;jx = &ijk — Eijk + Eijk — Eijk =
ja:ij(g?)jk — djk) + [ (&5 — xij)qBjk. Then we obtain upper bounds for the differences be-
tween the estimated and true eigenfunctions in terms of covariance pertarbatioeigen- «
value spacings for quantifying the increased estimation error of the higther t®rms. For each
j=1,...,d, denote

djk = l:nlli..r.lk(wjl —wji41), JTm=1{k=1,...,00: wjp — wj 41 > QA]-},
whereA; = |||K; — K;]||, that is, considek € 7;,, for which the distance oi;y, to the near-
est other eigenvalues does not fall belm& It is known thatgb]k can be consistently esti-
mated fork € J;, (Theorem 1, Hall & Hosseini-Nasab, zooqu — ikl = Op( ]kA ) =
Op(k*t1n=1/2), implying supT;, = o{n'/(¢*2)}. However, for our theoretical analysis, we

need a sharper bound without compromising the number of eigenfunctomsidered. Define
the set of realizations such that, for sample sizeomeC and anyr < 1,

fsn,j = {(’lj)jkl — ’LUij)_2 S 2(wjk1 — wm)_2 S O’IZT, k’l,kg = 1, ceeySny ]ﬂl 7'5 k‘g}

LEmmA 1(a) Under conditions (B1)—(B4), for each=1,...,n and eachj = 1,...,d, we
have E(||#;; — xi;]|?) = o(n™1), E{ [(#ij — xij)“} = o( ) For eachj =1,...,d, we

have (|||, — K;||[%) = O(n"). .

(b) Under conditions (A1), (A3), (B1)—(B4), foreagh-1,...,d, we haves,, € J;, for largen,
pr(Fs, ;) — 1 asn — oo for anyr < 1. Moreover, for eachk = 1,..., sy, [|¢jx — ¢kl =
O, (kn~1/2), whereO,(-) is uniformink = 1,..., s,,.

(c) Under conditions (A1), (A3), (B1)—(B4), foreagh-1,...,d,

ngk( t) = ojr(t) =n ~l/2 Z (wjik — wjv) ¢Jv /%J%k@ﬁjv + (1),

vivFEk
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w  where|layi|| = 0p(k*2n~1), R; = n'/2(K; — K;), andO,(-) is uniform ink = 1,.. ., s,,.
(d) Under conditions (A1), (B1)-(B4) and~ /s, = 0,(1), for any j =1,...,d, we have
1 n < Ajn < 2\, for some positive constants, co.

The next lemma quantifies the asymptotic orders of several important typepiassions that
will be encountered in the proofs of our lemmas and main theorems. Formence, define the
s following notations/, l1,lo = 1,...,pn, k, k1, ko =1,..., 80, 7, 71,72 = 1,...,d,

1 n ~ _ .o (2) o n ~ N _
0](‘k) = Z(flﬂf - fijk)ijkl’ 9%1131622 =n"! Z(gijlklgijzlm - gijlklfijél@)(wj1k1wj2k2) 1/27
=1 =1
1y (W @ 3
9111]]{22 =n"! Z{giﬁklfiﬁ@ = E(&j1k1 Ejaka) (Wi ey Wiy )™ 1/2, G{clljlfz %11]132 0{;1]152 )
=1
_ 2 6 — 2
gjkl ! Z gzgk fzgk)zzlw]k/ ) ej(k% ! Z{&]kzll fz]kzzl }wjk/ ,
=1
5 6
ej(k)l = ej(k)l + 9](157 11[2 -1 Z{Zzllzzlg - Zzllzil2)}a
rﬁﬁ) - Z Z fijkbjkozil, Jl = Z Z 5@]1@ 5@]1@ jk ]ko)zih
1=1 k=sp+1 =1 k=1
n 4 n_sno
79(3) Z Z &gk — &ijk)bjkozit, ?95-;) = Z Z(f@'jk — &ijk)bjkozil,
i=1 k=1 i=1 k=1

o) = Z biko /(Z wijzi — nZ) (bik — dr)s 9SG =n> biko(Zj1, i),
=1 k=1

195? =n'/? Z > biro(wsk — wi) " Egi, djo) /(%j = R5)djkdju,

k=1 v#k

19(8) 1/2zzb]k0 Wik — w]v) Hjlagij /% PjkPivs

k=1 v#k

whered,; (™ = (19§’1"), . v“%”)T denote corresponding vectors @i = n'/?(K; — K;), where

KJ =n"t Y @ @ @y
LemMma 2(a) Under conditions (Al), (A3), (B1)—(B5), we have

1 a+2 (2) a/2+1 — a 2+1 —
9](19) = Op(k )7 (9]}11?,52 =0 (k]/ n 1/2 —+ k / 1/2)
i1ja (3) — (4) a/2+1 _ a 2+1 _
0;611]]3 =0 ( 1/2) 0{11]1622 =0 (k]/ n 1/2 + k / 1/2),

ej(i)l 0] (k;a/2+1 —1/2) 93('2 :Op(n—l/Q)’
B = 0, 2), g, = Oy,

where theD,,(-) ando,(-) terms are uniform fok, k1, ko = 1,...,sp,andl, ly,lo = 1,. .., py.
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(b) Under conditions (A1)-(A7), (B1)—(B5), uniformly foe 1, ..., p,, 110
1 5 7
1951) = 19§l) = 7951) = 1951) = ﬁﬁl) = 795‘1) = Op(”1/2)7
4 7
9 =0 498 + 90 + 0.

Lemma 3 characterizes the eigenvalues of the design matﬁ@esand Lemma 4 con-
cerns the asymptotic order af = (YM — N17710) wherePy, = Nl(NlTNl) INE Yy =
(Y1, .-, yn) ", @ndmnyg is the true parameter af;..

Lemma 3. Under conditions (A1), (A3), (A5), (B1)-(B5), we hajluin(NyN1/n) —
Amin (U1)] = 0p(1), [Amax (N7 N1/n) = Amax(U1)] = op(1).

Lemma 4. Under conditions (A1)—(A5), (B1)—(B5), we hay#;[|3 = O,(r2), wherer? =
Qn —"_ Sn'

4. PROOF OF LEMMAS

Proof of Lemma 1 We shall show Lemma 1 for any fixefl=1,...,d, we suppress the
subscript; in this proof for convenience. For part (a), recall th&l; = z;(t;;) + i1, where o
the errore; are independent af;. Thus one can factor the probability spaee= Q1 x o,
where Qy is for {z;}i—1,.» and Qy for {e;};=1m,. Given the data for a single subject,
a specific realizationz; corresponds to fixing a value; € Q, that is x;(-) = x; (-, w;).
We write F. for expectations with regard to the probability measureSbn and Ex with
respect to2;. For each fixedw;, the error{e;,i =1,. n} are independent and identi-zs
cally distributed for different, with E.(¢;) =0 and E ( e2) = 2. Given condition (B3)
together with a local linear smoother, one h&§|%; — z;||*) = Ex[E-{ [(2 — z:)?}].
Using standard Taylor expansion argument, together with the dominanteronv
gence theorem givenE(||:c§2)||4) < oo, it is easy to verify Ex|E-{ [(&; — z;)*}] <
C [ [Ex{=®)2}n* + (mh)~'] under (B3), yieldingB(||#; — z]|?) = ( 1) by (B4). Sim- 1o
ilar arguments will also lead t&y [E{[(&; — z;)*}] < C [ [EX{ }h8 (mh)~?],
thus  E{ [(&; —z:)'}] =o(n™2). Regarding K =n"'Y" ®xl, notice  that
K — K=n1Y" 1{ i — xi)®xi+(:ﬁi—mi)®(§:i—mi)}—|— (n_lzg;lxi@mi—K).
It is easy to see that the first term on the right hand side is dominated by

n~tS (& — @) ® 2i]||. Since {&;,z;} is independent of{#;,xy} for i#£4d/, we s

T; —
2
have  E[{n~' S0, 1@ —2) @ ailll} | = (Bl — z:) @ @ill]}2 +n~tvar(|||(2: -
_ ~ 1/2 _

23) @ ail|[) < B(||2: — will?) (Bllaill?) +n  {E(| (@ — 20) 1) (Elail| )} = o(n ).

The second termE(|||(n™' 31, z; ® 2, — K|||*) = O(n™') by Lemma 3.3 of Hall &
Hosseini-Nasab (2009). This leadsHog||| KX — K|||2) =0(n ).

We next obtain the bound in (b) fot=1,...,s,. First notice thatF,, can be |mpI|ed 140

filled by sg“ ~1/2 ., 0in (A3), Ieadlng topr(F,) — 1 asn — oco. It is easy to see that
for k=1,..., 80, wp —wir1 > 5,1 >2A asn — oo, that is s, € J, for largen. Now
we will bound ||¢r — ¢x||? for k =1,...,s,. By (5.16) in Hall & Horowitz (2007), one has

~ ~ 2
Ibx — drll?2 < 202, wherea? = 30, (i — wv)_Q{ [(K - K)(bkqﬁv} CAISO pr(Fy) — 1w
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implies that(«;, — w,)~2 < Cn™ with probability tending to 1. Then we have

it < 3 (- wo) 2 (K - K)oy}

vivFEk

w2f [(& - K- o))} |
<2 ) (i — wv)_Q{ /(f( - K)¢k¢u}2

viv#k

2o 3 { [k - K)Gu - o}

v#£k
<4 Z (wy, — wv)72{ /(K - K)¢k¢v}2 + 2007 A%|| g — ol .

vivF#Ek

Plugging this intd| ¢y — ¢||*> < 243, one has

(1200830 — nll* <4 3 (= ) 2{ [(K = Kpono.}

viv#Ek

As A =0,(n71/?) and 7 < 1, we haven™A? = 0,(1), and ||¢x — ¢x[* < C'Y, 4 (wi —
wv)’Q{f(f( — K)¢ro, 2. Given the results in (a), by analogy to (5.22) in Hall & Horowitz

w0 (2007),nE[>, 4 (wk — w,) "2 [(K — K)¢ry}2] = O(k?) still holds, the result follows by
Chebyshev’s inequality. R
To obtain (c¢), using Lemma 5.1 of Hall & Horowitz (2007) with, = ¢, A\, = W andL =
K, sinceinf ., sy [y, — wy| > 0, we have

O — b= D (ke —wy) 'y /(K — K)droy + r /(¢k — Gr)di

vivF#Ek

= Z (wg — wv)_1¢v /(k — K)ordy + ox /(flgk — Ok) bk

vivF#k

+ Y (wn - we) / (K — K)( — éi)on
vivF#k

=3 (ag — wi){(w, — w) (0 — w0)} by / (K - K)broo
vivFEk

Denote the last three terms by, = o + a9i + agi. FOragg, one has
[ R 2/¢3k¢k = 2(/¢i - /(ngébk) = — /(¢k — Ok) Pk,

that isayy, = —||ér — ¢x||?/2. From part (b), one haspy, — x|l = O, (kn='/?) uniformly in
s k=1,...,5, then|ja| = Op(k*n™1). To boundayy, noticing || >°, cuéy||> = 3, ¢ due to
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orthonormak ¢y },

o < [~ [ = K)Gn = 900 )]

v#£k
< 6 ' Alldr = ¢l = Op(k*F?n71).

For asy, noticing thatup,_; o [k — wi| = 0,(A), we can bound azy | as follows,

2|y, — wk’[ Z (wg, — wv)*4{ /(K — K)ng%}z] 1/

vivE£]

CA[ S twn—w) M [ (& - K)ono.}’

v:vFEk
Z wy, — wy) M /(K — K)(¢p — d’k)ﬁbv}Q] 2
-y
CA(A1 + Ag)/2,

where Al = Zv vt (W — Wy )4 S( (K — K)¢k¢v}2 and Ay =3 (Wi —
we)~H [(K — K)(r, — ¢) ¢,U} By the derivations of part (b), we have

IA

M52 3 - wn) 2 (R = Ko} = 0,087,

vivF#Ek
Ay <6 A%k — drl” = Op(6, 57 AY).

Notice thats; > = O{k2@*V} = o(n) by (A3), which indicatesAs = o, (k5; *n~t). Thus e
lask]] = Op(ké; 'n=h). Itleads to||ay|| = Op(k*2n~1).

For part (d), since ;™ wy < oo andsupy_; _,, | — wi| < |||K — K||| = Op(n~1/?)
by Theorem 1 of Hall & Hosseini-Nasab (2006) and part (a), we cae s$hat
(S5 aig) Y2 = 0,(1) givenn~1/2s,, = o(1), which completes the proof.

165

Proof of Lemma 2 Forej(}c) and any fixedj, we have

0% = DGk — &) ?wiyt = Y (€ — Eije + &g — Eije) *wy!

=1 i=1

< QZ &jk E’ij UJ + 22 Ezgk Ez]k) ]k

=1

_zz{/% — o) +2Z{/xm 2i5) i} )

< 22 (6511 1D5% — Dskll® + I nl Pl Ei5 — is|*)wy!

i=1

Given Lemma 1 and (B1), we know

E(|2:;1%) < 2E(li — @35]1*) + 2E(|l235]%) = O(1),
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hence, [|7;]| = Op(1). From Lemma 1, we haved)) =57, {0,(1)0,(k*n~") +
op(n1) 1k = Op(k**2), uniformly fork = 1,.. ., sp.

Foreﬁﬁm, it is obvious that

n

(2) —1 0 2 —1/2
‘eillj]fg | = ‘n Z(fiﬁhfihb - fij1k1§ij2k2)(wj1k1wj2k2) / ‘
i=1
n n
- z z ~1/2 : ~1/2
=n 1‘ D Gk Gk — ik Wik Winky) ™2+ Cioba (i — Eiun) (Wi Wioks)
i=1 i=1
-1 - £2 -1 \1/2 ~ 2 —1 11/2
(Z gijlklelkl) { Z<€ij2k2 o gij?]@) wj2k2} +

i=1

n
1 1/2 2 2 —1 11/2
mekg Wiks) A (k= Gk w g b
i—1

Since E(3"1L, &, j2k2) nforanyks =1,...,s, , we haved i &7, w ijQ = Op(n),
uniformly for ks =1, ..., s,. Moreover,
Z€111k1 J1k1 < 22 gl]lkl 52]1]“1 Jlkl + 225211]41 Jlk1
=1
= Op(k{? + n) = Oy(n),
uniformly fork; = 1,. .., s,. In conclusion, we have
2) _ a/2+1 — a/2+1
622927 = n10p(n )0, (k52T + n 710, (020, (Y *H)
_ Op<k‘11/2+1n_1/2+ka/2+1 _1/2>
uniformly for ky, ks = 1,..., s,.
172 (3) () _ _ _

Foro]\2 ™, E(6]%2 ) < nTHEE 1, wi 0V E (€ rwit,) )32 < ¢yn~L, uniformly for
ki ks =1,...,s, by (B1). It follows that 022 ® = 0,(n~1/2), uniformly for ki, ky =
1,...,s,. Moreover, it is trivial that 0%13,32(4) 0%117,{22(2) 0#19152( ) = O, (n~ V202 4
n*1/2k§/2+1), uniformly forky, ko = 1,..., sp.

Based on (B5), we conclude thg} = O, (1), uniformly forl = 1,...,p,. For@ﬁ%, we have

noo 12 &
|<9](,i)l] < n_l{ > ik — §ijk)2wjk1} (> Zz?l)l/g

i=1 i=1
_ n_lOp(ka/2+1)Op(n1/2) -0, (ka/2+ln—1/2>’
uniformly fork =1,...,s,,l =1,...,p,. Furthermore,

E(HJ(Z%) = _I{E zykw]k2)E( zl)}1/2 O(n_1>,

uniformly for k=1,...,s,, [ =1,...,p,. Thus 93(2 = Op(n—l/z), uniformly for k=
1,...,80 0 =1,...,pp. Thenit follows thaﬂj(.?l = «9](‘2 + 93(2)1 = O, (k*/*>T1n=1/2), uniformly
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for k=1,...,s,, l=1,...,p,. For Ql(fl)Q, we haveE(Hl(lg)) <n Y{E(z)) E(zzlz)}l/2

O(n=1), uniformly forl; = 1,...,pn, l2 = 1,...,py, and this entails thaﬁtl(lgl)2 = Op(n~1/?),
uniformly fori; =1,...,pp,lo =1,..., pn.
Forﬁg), given (A4), we have

EWW <SS ool Elégrzal <3 S0 bjrol {B(E3,)E(23)}?

1=1 k=sp+1 =1 k=sp+1
n o0
< Z Z k—bk—l/Q _ O(ns;bH/Q) _ 0(n1/2).
1=1 k=sp+1

Henceﬁﬁ) = 0,(n'/?), uniformly forl = 1,..., p,. Forﬁﬁ), we have

19(2) ZZ{/xw ik — bjk) /(«’Acij — xi) ik } (bjr — bjro)zi
i=1 k=1

Sn

/ szjzll {Z ¢jk ¢]k k - b]kO)}
+ /{Z(in - xij)zil}{z in(bjk — bjko) }-
=1 k=1

It follows that
) n ) Sn_ .
D2 <9 Zﬂfz’jzuHQH Z(¢jk — &) (bjk — bjro)[I”

+2||Z xzy Lij Zle ||Z¢]k‘ ik — jkO ” .

Since

185

By @izal® < BQ_ l2illlza)? < n*{E(|21lll2u)}? +n{E(ldy ) E@)}? = O(n?),

=1 =1
we havel| Y1 | 2i5za]|? = Op(n?). Similarly,
Bl zn:(ffz‘j — aij)zull® < 0 (B2 — zijll|zal)? + n{ E(|4i — 25l ") E(z)}? = o(n),
=1
lead to|| Y1, (i — @ij)zal|* = op(n). Moreover,
155 @ik — )k — )| < 15 — BB S e — el
k=1 k=1

- 0p<ri/n>op{2n<k2/n>k“}

— (2a+3/n)

190
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and
| Z%k ik — bjro) | Z |k — bjkol)® Jo ngwjk = Op(risy™ /n),

by Theorem 1. In summary, we g@fﬁ)ﬁ = 0,(r2s2%3) = 0,(qns%t3 + s+4), uniformly for
l=1,...,p,. Under conditions (A3) and (A5)2§.?) = 0,(n'/?), uniformly forl = 1,..., p,.
Forﬁg‘;’), we have

n

/{Z e zzz}Zmbﬂm < I3 s — i)zl S bl

=1 k=1

< (Z |bjk0|)20p(”) = op(n),
k=1

henceﬁﬁ) = 0,(n'/?) uniformly forl = 1,... . p,.
Next, we show that} = o' + 910 + 9 + 9. Recall tha; = (51, ..., Zjq,)" with
E{xij(t)zu} = Z;(t). By lemma 1, we have the expression

Gk (t) = k(t) =02 (win — wje) st /%J¢Jk¢ﬂ) + (),

viv#k

where||aji|| = O,(k%t?n~1), R; = n'/2(K; — K;), andO,(-) is uniform ink = 1,..., s,.
Since

Sn

ﬁﬁ” = ZZ@% — &ijr)bjrozi = / mezzl Z bk — dir)biko},
k=

=1 k=1

substitute the expression fé;k(t) — ¢;k(t) into the above equation, we immediately g{;‘l‘t) =
5) 7 8

9% + 9% + 9+ 0.
Forﬁgl), it is obvious that

P <13 e — st ol Y sz — Z
k=1 =1

where
B 3 (zijza — B> = | EX 3 (zijza — B0}l = n | var(zijzi)
; l gl / ; l gl / l
<n [{BEEEDY = o).
and

Sn

1)~ (Dik — Dir)bjkoll < Z biroll| bk — dikll = Op( D k~Pkn~1/2) = Op(n~1/?),
k=1

k=1 k=1
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thus(ﬁﬁ))2 = Op(1) = 0p(n), and it follows tha’rﬁﬁ) = 0,(n'/?) uniformly forl = 1,...,p,. 20
Forﬁﬁ), we have

(992 < 2 / (Bazigz)?]| Y birool? < n? / (E@L B, kol lasm])?
k=1 k=1

Sn

= n20,{(>_ KR} = o, (),
k=1
henceﬂg.?) = 0,(n'/2) uniformly forl = 1,..., p,. )
From the proof of lemma 1, it is easy to see titgt— R = n'/%(K; — K;) = 0,(1), which
follows thawg) = 0,(n'/?), uniformly forl = 1,..., p,.

Proof of Lemma 3 First, it is obvious thaf\min (N N1 /1) — Amin(U1)| < [|NEN1/n — Ui, s
where||.||; is the L; norm for matrix. Since

Sn qn Sn qn
AT i1iy (4) 7 7 8
INFNy/n— Uy < Op( Y1622 1371687 10 ST 1000 1+ Y 1610 )
=1

k1=1 k=1 =1
Sn dn
_ p{ Z(k‘f/2+1n_1/2 +s%/2+1n—1/2) +Z(S%/2+1n_1/2)
k=1 I=1
Sn dn
+ Z (kff/2+1n_1/2) 4 Z n—1/2}

ki=1 =1
_ Op(SZ/2+2TL_1/2 +qnsg/2+1n—1/2)’

by Lemma 2 (a), hence we havé\uin(NTNi/n) — Anin(U1)| = Op(si/2+2n—1/2 +
ans¥/*"'n=1/2). Under conditions (A3) and (AB), it is obvious thay,(N{Ni/n)—
Amin(U1)] = 0p(1). Similarly [Amax(NTN1/1n) — Amax(U1)| < ||NTN1/n— Uil = o0p(1),
and we skip the details here. 210

Proof of Lemma 4 By Lemma 3 and (B5), we know thaiflTNl is invertible, hence’y;, exists.
For A1, we have

A1 = Py, (Yar — Nifo) = Py {Yar — Nudjo — v+ v + (N1 — N)ijo}
=Py {et+v+ (N = N1)ijio},
where EZYM—Nlﬁlo—V: (61,...,6n)T, V= (Vl,...,Vn)T with v; =

g o0 .. .
j=1 Zkzsn+1 §zgkbjk0-
For PNle, we have 215

E|[ Py, ellP = E(€ Py, ) = E{E(" Py, ¢ | )} = Eltr{ Py, E(ee")}]
= Uztr(PNl) = 02(qn + g5n) = O(qn + 5n),

hencel| Py, €]|* = Op(gn + sn)-
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For Py, (N1 — N1)ijio, we have

n g  Sn
1Py, (N1 = N)inoll* < [[(Ny = Nadinol* < O[> AD D (Gisk — &isk)bjko}]

i=1 j=1 k=1
n g Sn n g Sn
029> > D (&ijk — &mbiro}* +29 D> D> D (g — Sijk)bjno}’]
i=1 j=1 k=1 i=1 j=1 k=1
g n
O[> > llai|*0p( Z’f Pkn1/%)?] ZZ{H% ;]| Z ")*}]
j=1 =1 k=1 j=1i=1 —1
- Op<1)7
sinceb > 2 implies thaty~9_, 37 Hx”H?Op{ k~bkn=1/2)2} = 0,(1), and Lemma 1

entails tha"%_, S {[|25; — @i 2(3h, k70)? }7 Op(1). It then follows that| Py, (N1 —
N1 )inol* = O,(1).

For Py, v, itis obvious thaf| Py, v||* < |[v||*. Fori = 1,...,n, we have
{Zvar Z &kaﬂko} (Z Z bﬂfowﬂv)
7j=1 k=sn+1 =1 k=sn+1
— (Z Z k= 2bk ) O( 72b)'
7=1 k=sn,+1

It follows that|| Py, v||? = Op(ns,?). In summary,

IA1][5 < O(| Py, ell® + | Py, (N1 = N1)inoll* + | Py, Y1)
= Op(gn + $n + 1+ 15,%") = Op(an + sn) = Op(r2),

wherer? = g, + s,. This completes the proof.

5. PrROOFs OF MAIN THEOREMS
Proof of Theorem 1.First, we constrai),,(77) on the subspace, where the true zero parameters
are setas 0, that igj € R4sn+Pn . b§. ) = 0,k=g+1,...,d,7?® = 0}, and prove consistency
in the (gs,, + ¢,)-dimensional space. Define the constrained penalized function

qn
Z{yz Z Z gljkw 1/2 jk - Zi(l)T’Y(l)}Q + 2”2 JAn(th
=1

7=1k=1
+2nZJA].n(||b§-”H),
j=1

where iy = (57, ..., BVT AT and 2 = (21, ..., 2i4,)". We now show there exists a
local minimizer#; such that||77; — 710]| = Op(rpn=/2) with 7, = (g, +,)"?. Let a,, =
rnn_l/Q, we aim to show that for any > 0, there exists a large constaft such that
pri{inf|j,j=c @n (710 + anu) > Qn(710)} > 1 — € for largen, which implies that there exists
a local minimizerj; of Q,,(71) such that|7; — 71| = Op(aw). Here,u = (w7, u7™)T with
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u(l)T)T

yooeyUg

u® = ({7 andu? = (u],...,u],)". We have

Qn (o + anu) — Qn(f10)
an
> | Nianul® = 20T Nyowu + 20> _{J, (0 + ant] ) = Ia, (70l)}
=1

g
30, (185 + an AP ) = i, (1501 3
j=1

> nnin (N N1/n)ai Jul]? = 2012 | Av |2 Agfe (NT Ny /) e

max
qn

+2n[Y {3, (Inol) sen(yo)ane + J3, (1ol (w])?(1 + o(1))}
=1

+Z{J)\]n 1856 Daall A7 uS | + 5, (1656 el A7 ud 1P(1 4+ (1))
7=1

The Taylor expansion in the second inequality holds bec&l,{&%-_si/2 < rnsZ/Qn—W =o(1
by condition (A5). As for the smoothly clipped absolute deviation penalty, ave ] (|%0|) 235
J% (luo]) = 0forall i =1,..., g, under condition (A7), and} ([|b\¢)[l) = J5. (IIbg[) =0
forallj=1,...,9 since||b§%))|| > (4 for some constant;. Thus, we can see that

~—

Qn(ﬁl(} + anu) - Qn(ﬁlo)
> nAmin(NT N1 /n)ad ||ull3 — 202 Aq |2 A2 (NT Ny /n) o [ul -

max
1/2

> egnag||ull* — csn'Proanull = esrallull® — carylul),

wherecs, c4 are some positive constants, and the second inequality is by Lemma 3 and (B5).
When C' is large enough, we hav@,, (710 + anu) — Qn(f10) > 0, which implies that there
exists a local minimizefj; of Q,,(7:1) such that|n; — 710]| = Op(an). 240

Next, we  denote 7= (Bgl)T, 0T 0T, L0, 4WT 07T where g =
GWOT, BT 5017 and our second goal is to show thats a local minimizer of@Q,, (i)
over the whole spac&?»tP». DenoteS;(77) = 8{(2n)~!||Yas — MbY) — Zy~]|?}/0v, and
S(77) = 0{(2n) (| Yar — M) — ZMW}/ab;”. By Karush-Kuhn-Tucker condition, it
suffices to show thaj satisfying the following conditions, 245

Si(n) =0, and , |y| > a\, forl =1,...,qn,

1S1(M)| < Ay and || < Apforl=gqn, +1,...,pn,
S3(7) =0, nd,Hbﬁl)HZa)\jnforjzl,...,g,

IS@) < Ajn, and, B3] < Ajo for j = g +1,....d,

so that7 is a local minimizer ofQ,(7). When [ =1,...,¢,, since min—;,__q, || >

ming—y__g, ol — 5 — 78”” and |5 — fyél)H = op(\n), hence under (A7), we have
min—y,._q, |%|/An — oo in probability. It follows that

pr(|y] > ar, forl=1,...,q,) — 1. @)
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When j = 1,....g, since 5] > [ofg)ll = 6 = 655/l 15{" = b{g)| = 0, (si%ev,) =

op(1) and minj—; 4 ||b§%))|] > (7 for some positive constaniC;, hence, we have
minj_; HB;I)H/)\H — oo in probability. It follows that
pr(]\5§1)|| >aljpforj=1,...,9) = 1. (3)

Wheni =1,...,q, andj =1,...,g,5/(7) = 0andS;(5) = 0 hold trivially since (2), (3) hold
andsj; is a local minimizer ofQ,, (7).
Next, we show thatj satisfy

1S1(7)] < An, and , |y < Apforl=gqn+1,...,pn
and
[SE(@)]| < Agns and , [[BV]] < Ao forj =g+ 1,...,d.
Sincey; =0forl=¢q,+1,...,pn and13§.1) =0forj=g+1,...,d, itsuffices to show that
pr(|Si(n)] > Ap forsomel =g, +1,...,p,) — 0, 4)
and
pr[|S7 (M| > Ajn for some j =g+ 1,...,d) — 0. (5)
Denoted,, = (Sy, +1(i7), ..., Sp, ()" = —n~H{Z2VT (Vs — Nyijn), where
Yar — Niijy = € + v+ (N1 — N1)iio + N1 (70 — 1),

andv = (v, ...,v,)" With v; = 5:1 ZZ‘;SHH &ijkbjko. From the proof of Lemma 4 and pre-
vious derivations, we have

v 4 (N1 — N1)ijno + Ni(fio — )12 = Op(r2) = 0p(nA2).
In" 4 Z2Y (v + (N1 = N1)iino + N1 (10 — 1)) oo

n
< ”_l(l_qf?r?x » Zzzzl)l/QHV + (N1 — N1)fo + N1 (7o — 1) || = 0p(An).
ey
Next, we denoter~/2{Z))} e = (8, 11, ..., 5, )" With 6, = n /23" zy¢; for I = gy, +
1,...,pn. As{e;,i=1,...,n} and{z;,i = 1,...,n} are subGaussian random variables and
independent of each other, combined with (B®), ! =1, ...,p,} are subexponential random
variables satisfying that, for any constant> 0, there exists positive constants andC, that
do not depend oh

pr(|6;] > Cn/?A,) < Coexp(—271Cin'/?\,),

and it follows that

Pn
pr(n {20 Y eloe > Cnt2An) < Y pr(la] > Cnt/AAy)
l=qn+1

< O{pnexp(—271C1n'/2\,)} = Ofexp(n® — 271C1n!/2\,)} = o(1),
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provided that (A6) and (A7) hold. Hence it is obvious ttharl{Z }Te||OO = 0p(An). INnCON- 200
clusion, we havél|d,, || < anl{z }T6Hoo+ anl{Z }T{VJF(NI N1 4+ N1 (o —
1) Hleo = 0p(An) and this implies that (4) holds.

Next, we start to show (5). Fg'r_ g+1,...,d, wehaveS (i) = *n_leT(YM — Niijp) =
(Sj1s - Sjs,) ™ such thab ;| % is bounded by

Z _lz&gkﬁz +2n_222§]k\|1/+ (N1 — N1)io + Ni(ijno — )|

k=1 k=1 1=1

- : 2
Ford m, (n™' Y0, &ijkei) ", we have

Z *Zﬁwz%w”Zﬁk%aw 2SS 2 E(ag]12) = O(sun ™).

k= k=1 1i=1 k=1 i=1

Sn

Itis easy to see thgt ;" |, >, %k Op(n Y 3y wjx) = Op(n). Thus

Z szk = Op(sn”_l) + n_QOp(”)Op(ri) = Op{(gn + Sn)”_l}a
and it follows that
HS* ||2 Z = Op{nil(% +sn)t = Op()‘?z)v

under (A7), which entails (5) immediately. Hence, we conclude thi a local minimizer s
of Qu(7) such thatly — | = O mmﬂ%wm—wmz%mwﬂ%mm—#mz
Op(rns“/ n~1/2), andpr(b; B =0, =g+1,...,d,4 = 0) — 1. This completes the proof.
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Proof of Theorem 2For convenience, define the following,

3

2
ijkbjk — Z?V) ,

—_

.

Sn

I Mg EMg

Qz
: ”M&EM&
M&

Tln zgkbjk> +2 i ( gijkbjk - z;FfY)
=1 =1 7j=1 k=1
d
(Z Z z]kbjk)v
71=1 k=s,
n d d sp
Ton(if) = =2 ( -> Zfzgkbgk ) { MO (G- fzjk)bjk},
i=1 j=1k J=1k=1
T3 (1) = En: { Ed: > (. é}'jk)bjk:}Z,
i=1  j=1k=1

d

Tin(i _2n{§:JM w”-+§jJ%nrM”nn

n Sn

Pn(ﬁ) = Ln(ﬁ) + Tln( = Z (yz Z Zfzykb]k ) .

7j=1 k=1

Then we have;?n(ﬁ) = L ( ) + Tln( ) + T2n( ) + TSn( ) + T4n( ) and denOthn(ﬁ) =
7o OQu () /OVY) = (0Qu(1) /01, -, 0Qu (71) [07q,) ™ @NAV2Qy (1) = 8°Qn(77) /(97N Dy VT).

Recall thatj is a local minimizer o@n( ), hence, we hav®¥ Q,, () = VL, () + VT1,(7) +

V150 (1) + VT5,(17) + VT (7) = 0.

It is obvious thatV73,(77) = 0 becausd, (77) doesn’t depend on(!). Moreover, by prop-

erties ofr; derived before and (A7), we have that uniformly foe 1,. .., g,, 0T, (7)/0v =
s 2nJy (|%1])sgn(4:) = 0 with probability tending to one, thus'7y, () = 0. For VP, (1), by

Taylor expansion we have,

VP () = VPu(ii) + V*Pulii) 1V = 16")
= VLn(ij0) + VTin (7] )+VL( 0) (31 — 4Dy

n T
— (23 el + (<23 23 G0 oY)
i=1 j=1 i=1

= (-2) ) 23" 20 G0 — (V) + 0p(n12)1y,,
=1

i=1
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where the last equality is by Lemma 2 (b), ag is the vector of ones with dimensiap. For

(ﬁj(2) + ﬁj(3) + 19j(4))

M=

VT (1) =2

<.
Il
—

M=

23 (09, + 9, 49,0 49,0 19,0 4y, ®)

.
Il
R

= 0p(n'/?)1 +2219

where the last two equalities are by Lemma 2 (b). Noticezﬁ;@ =0forj=9+1,...,d,

VQu(1) = VL (7 )—l—VTm( )+ VT, (7 )+VT3n( ) + VT (7))

= op(n 1/2 +2Zl9 Z Zzi(l))

=1

#2350 ol =,
and it follows that 260
_1/222 ( ,?1 (1) —1/2262 _ —1/220 +o,(1
= Z Win + 0p(1)1g,,
with Wi, = n‘l/Qeizi(l) — T2 S vtk Djko (Wi — wiu) ~HEj, djo) [ (25 @

zij — Kj)ojrdj,. It is obvious that {Wm,z =1,...,n} are independently and iden-
tically distributed. with zero mean and ((O’Vm) =n"1(0?2; + B,). It satisfies
to show that V{l/QAn i, Wi, converges to N(0,,I.) in distribution, where
Vi = Ap(0?S1 + B)AT—=V* = 0?H* + B*, and V* is positive definite. We start tozs
show this by Linderberg Feller theorem.

First, we denotdl;, = Vn_l/gAnWm, and it is trivial that{Il;,,i = 1,...,n} are indepen-
dently and identically distributed centered random vectors witi et} , I1;,,) = I,.. Second,
for any{ > 0, we have

> B[ i3, {Iinll > ¢}] < nE( M| )Y 2 {pr([al > O}/,
i=1
where 290

HHlnH - H Hln = WlnATV 'A nWin < /\maX(AT )HWInH
< AmaX(Vni ))‘maX(AgAn)len‘P - ( )HW1n||2



295

300

20 DEHAN KoNG, KADIE XUE, FANG YAO AND HaO H. ZHANG
It follows that E(||I1,[|*) = O(1)E(||Win|*) = O(1)¢2/n*. Moreover,

pr(|Mll > ¢) = pr(||V, 2 AW > ) < E(| V2 A, Wi |1%) /¢
< Amax(ALV, A E(|[ Wi 1) /¢
= O()E(|[W1nlI*) = O(1)gn/n.

By previous derivations and assumptions, we know

Y E[lITn]*14, {ITinll > ¢}] = nO(ga/n)O(gan™"/?)

i=1
= 0(g}/™n™"%) = o),

sinceq,, = o(n1/3). By Linderberg Feller theorem, we conclude thfail/QAn >, Wiy con-
verges taV (0, I,) in distribution, which completes the proof.
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