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Maximum principle for Muskat problem
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Introduction to
Muskat Problem
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* free boundary problem

* the motion of the interface between 2 incompressible, immiscible fluids of different
constant densities in a porous media

Global regularity vs finite-time 7y
singularity:

 Flatten over time?

* Finite-time turning of the
interface? P2 > P
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* the equation for the interface:

) = [ () = ft.0) = = 0f(0)
v r (flit,y) = f(t, )2 + (y — x)?

Y
* linearized equation:

0,f(t, x) = [ (& y) — J{t, X) dy

R (y — X)?
0,f(t,x) = — C(— A)Zf(t, x)

» Parabolic equation.
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» [Cordoba and Gancedo 2009]: L* maximum principle:

| fe || o< o]

Loo

+ [Cérdoba and Gancedo 2009]: Local well-posedness in H* for k > 3.

» [Constantin et al. 2013]: L? maximum principle:

fa) || < ] 0. ]

L2

12



Muskat [n] 8 i) R REAS 450 i

» Scaling property: If f(7, x) is a solution with initial data f,(x),
fi(t0) = (55
,X) 1= Af(—,—
’ P
is a solution with initial data f; ;(x) = Afy(>).

» Scaling invariant norm, or critical norm: Norm |[|- ||y such that

foll = |[fo] o -

X X

+ Examples: ||f]lyine := |l and |If1l; = IEAOI .
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Well-posedness theory for scaling invariant normes:

» [Constantin et al. 2013]: Exists global weak Lipschitz solution when ||f;|[;~ < 1.

o [Constantin et al. 2016]: Globally well-posed when ||f,|[; = |||¢] fo(f)\\ L] < %

» [Constantin et al. 2017]: H¥ inital data stays H¥, provided that 1.(t, - ) is bounded
and has some modulus of continuity.

» [Cameron 2019]: Maximum principle and global well-posedness when ||f;|[;~ < 1.
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What happens when ||f;|[ ;. > 17

* Loss of parabolicity = finite time blow-up(?)

My results: A priori estimates of scaling invariant norm ||f.(7, - )||;~ When ||f)|l;~ > 1.
» Maximum principle of |[f(7, - )||;« when ||fy]|;« < L = 2.98,
e Optimality of the constant L,

» Power law decay of ||f.(¢, - )|l ~ When |[f||;~ < L.
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Theorem I Suppose f(t,x) € C}([O,T], C)}(l

)) is a smooth solution with initial data

Jo(x) such that ||fo|| ;. < L, where L ~ 2.98 is the first positive root of the following

trigonometric equation

{2 cos(@) + 3 cos(22) — cos(3a) = 0,

L = tan(a).

Then, f,(z, x) has maximum principle. To wit, ||f,(, - )|, ~ decreases in time.

Remark on theorem I: The constant L =~ 2.98 is the optimal constant for maximum

principle to be hold. To wit, for any € > 0, there exists a solution f (¢, x), such that

15 0.l = L+ &, and <18, -l o

=0

> 0.
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Theorem Il Suppose f(z,x) € C}([O,T], C)}(l )) is a smooth solution with initial data
Jo(x) such that [|fgl|,» < L, where L ~ 2.98 is defined as in theorem I. Then,

/(7 - )|l L decays at a power law rate in time. To be specific,

Clloll,
|f)‘c(t9)||L§oS ; ;
Cllill
], < il

where C is a constant that depends only on ||f;||; -

Remark on theorem II: The power law decay rate is optimal.
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* Main difficulty: the loss of parabolicity when |[fy|[;« > 1.

* the equation of f,(z, x):
y—X

d,.f.(t,x) = —a_f.(t, x) - d
160 16 JR (f@,y) — ft,0))* + (y — x)*
_2J’ f.(t,x) = I(t,y, x) | 1 +7.(¢,x)(1,y,x) q
R (y — x)° (1 + [4(1, y, x))2

Y

Y

U y; :J; "9 is the slope between (x, (£, x)) and (y, f(z, y)).

where [(1,y,X) :=

o If ||Ifoll 1 < 1, 1 + £z, x)I(2, y, x) is positive => 0, f.(¢, x) = drift term — C(—A)%fx(t, X).

 If [[fpllz > 1, 1 +£.(2, X)I(2, y, x) is indefinite = loss of parabolicity.



Motivation
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. Assuming f (f,x*) = max|f (¢, x)|, we want to show 0, f.(z, x*) < 0.
xER

y —x*
atx’*z_axx’*° d
St %) Jilt, %) [R (f(t,y) — ft, x*))* + (y — x*)?
_2" .t x*) = 1(t, y, x*) | 1+ 7.(2, x)I(t, y, x*) q
R (y — x*) (1 + 14(1, y, x*))2

Y

Y

where [(t, y, x™*) 1= ) A8 is the slope between (x*, f(z, x™)) and (y, f(z, y)).

y —x*

e f(t6,x*)—=I(t,y,x*) >0, and 1 + (7, x*)I(z, y,x*) > 0if (¢, y, x*) > — 1

[t x*)
1

o . 8 o )
Integrand < O only if I(¢, y, x*) < s
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e I(t,v,0) reaches —

1
f(2,0)
possible in the conjectured worst

as fast as

ke 1 — ke case.

-3 -

——
S—
—

d kB -k
° Zu.ﬁc(ta ) )HLOO ~ (1 + k2)2 < 09

provided that k = ||f]|;» < /3.

conjectured worst case scenario e Maximum principle holds when

13l < A/3?



The Key Idea of the Proof
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F.={f€l [0.400) - hiecewise differentiable, 0) =k —k < f(x) Lk},
2(k — D)(1 + ki)

H,(l) := (1 + 122 ;
© 9 (fx(o) — l[f]()’)) ' (1 +fx(0)l[f](J’)) © 1
)= [ AN — j S Hl ) d
: (1+2,0) :

J(y) = A0)
where [, A) = —

» Need to prove: It k < L, [js; 2 Oforany f € F,.

 Problem of calculus of variations. What is the minimizer of the functional I[ f]?



R

l /() is the slope and k = ||/, || «.
2(k — D)(1 + k)

. H () := (1 + 12)2

H(l) decreases, [€ (—00, [ ],
H,(l) increases, e[l L],
H, (/) decreases, p el k],
H(l_) = min H/(]),

—oo<I<k
H(l) > 0, p €y, kI,

H,(]) <0, B E (—o0,ly].

1‘&@)? BRI A A% ilﬂf

Ly

Hi (1)
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. I[f] — J ﬁHk(l[f]()’)) dy,

where [, f](y) is the slope
between (y, f(y)) and )
(0,/(0)), and k = [[f,]l - ..

6_
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y = tan(l}) @ + £(0)

—
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. I[f] — J' ﬁHk(l[f]()’)) dy,

where [ /() is the slope
between (y, f(y)) and |
(0.£(0)), and k = [[f.]] - -

) Hk(l[f](y)) < Hk(l[f]()’))-

* Lip < iy
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20 T
l—F(tan bR )]
x+(k+tan(23“ ) l (3 6)

n 1

.Xz(k + tan( 230!

() o)

1 2a /s
~ t=f (t 36 )]
1712 St ane —5)) l (5 ¢

1
+ 2
xz(k + tan( 3a

[ (s -5) - (s -5)

k + tan( 23“ 5)

_I_

X, (k + tan(%¢ — Z))

where a := arctan k and F(/) :=

Hj(tan(=* — 2)),

2(k = D(1 + ki)

o > g 2 0itk = [lfoll < L.

CL’>1—O,
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y =tan(l_)x"

—2.5 1

WOTrSt case scenario
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Define M(¢) := max|f (¢, x)|, then

xR
2 (K6x) = 1@y x) - (1 +A6X)UE Y, x))
R (V= %)° (1+ 12, y, )ct))2
o J 2 e(flt,x) = U1, y,x))
I PR CEEE (1+ 21, y, xt))2
) J 2 (fultx) = U, y,x)) - (1 — e+ f(t, x)I(t,y,x))
R (V= %)° (1+ 121, y, )ct))2

:_811 — 12,8’

M'(t) = —J dy

dy

dy

where x, is 2 maximum point.
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. M(?) := max|f.(t, x)],

xeR
2 St x) — U2, y, x,)
M’(r)z—J 28( ~ y);)dy
rR (Y —X) (1 + [2(t, y,xt))
—J ) | (j;(t, x,) — (1, y,xt)) ° (1 — e+ f(t,x),Yy, xr)) dy
R OV —Xx)? (1 + [4(1,y, xt))2
=—¢ely — I,,.

o I, ~ C(=A)2 £, X))
* I, .is a perturbation of I ), thus I, , > 0 for some small enough ¢ > 0.

¢ M'(t) < — eC(—AYZf(1,%).






